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O . l. Introduction 

Q_|. Let D be a division algebra finite-dimensional over its center K. Then, 

00 ; SKiOD) = {d e D* | Nrd D (d) = 1} / [D*,D*], 

where Nrd^i denotes the reduced norm and [D*,D*] is the commutator group of the group of units D* 
of D. If D has a unitary involution r (i.e., an involution r on D with t\k 7^ id), then the unitary SKi for 
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r on D is 

SKx (At) = S;(D)/S T (D), (1.1) 

where 

£' r (D) = {d G L>* I Nrd D (d) = r(Nrd D (d))} and £ r (L>) = ({d £ D* \ d = r(d)}) . 

The groups SKi(D) and SKi(D,r) are of considerable interest as subtle invariants of D, and as reduced 
Whitehead groups for certain algebraic groups (cf. [Ti], [Pg], [G]). 

■ In this paper we will prove formulas for SKi(E) and SKi(E,r) for E a semiramified graded division 
^-j. ■ algebra E of finite rank over its center. In view of the isomorphisms in [HWi, Th. 4.8] and [HW2, Th. 3.5], 
CD • the formulas for E imply analogous formulas for SKi and unitary SKi for a tame semiramified division 

\ algebra D over a Henselian valued field K. The formulas thus obtained in the Henselian case generalize 
' ones given by Platonov for SKi(D) and Yanchevskii for SKi(D,r) for bicyclic decomposably semiramified 
division algebras over iterated Laurent fields. Most of our work will be in the unitary setting, which is not 
O . as well developed as the nonunitary setting. 

• • . Ever since Platonov gave examples of division algebras with SKi(D) nontrivial there has been ongoing 
.£h ! interest in SK4. Platonov showed in [P5] that nontriviality of SKi(D) implies that the algebraic group 
group SLi(D) (with K-points {d G D | Nrd£>(c£) = 1}) is not a rational variety. Also, Voskresenskii 

■ showed in [Vi] and [Vo, Th., p. 186] that SKi(D) = SLi(D)/R, the group of i?-equivalence classes of the 
variety SLi(D). The corresponding unitary result, SKi(D,t) = SUi (D,t)/R was given in [Y5, Remark, 
p. 537] and [CM, Th. 5.4]. More recently, Suslin in [Sui] and [SU2] has related SKi(D) to certain 4-th 
cohomology groups associated to D, and has conjectured that whenever the Schur index ind(D) is not 
square- free then SK\(D 0k L) is nontrivial for some field L ^ K. (This has been proved by Merkurjev 
in [Mi] and [M4] if 4|ind(D), but remains open otherwise.) Nonetheless, explicit computable formulas for 
SKi(D) and SKi (D,t) have remained elusive, and are principally available, when ind(D) > 4, only for 
algebras over Henselian fields (cf. [E2] and [HWi, Th. 3.4]) and quotients of iterated twisted polynomial 
algebras (cf. [HW 1; Th. 5.7]). 

Platonov's original examples with nontrivial SKi in [Pi] and [P2] were division algebras D over a 
twice iterated Laurent power series field K = k(((x))((y)), where A; is a local or global field or an infinite 
algebraic extension of such a field. His K has a naturally associated rank 2 Henselian valuation which 
extends uniquely to a valuation on D. With respect to this valuation, his D is tame and "decomposably 
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semiramified" and, in addition, its residue division algebra D is a field with D = L\ L2, where each Lj 
is cyclic Galois over k. His basic formula for such D is: 

SKi(£>) Br(^/fc)/[Br(L!/A;)-Br(L2/A:)], (1.2) 

where k is any field, Br(fc) is the Brauer group of k, and for a field M 3 Br(M/fe) denotes the relative 
Brauer group ker(Br(/c) — > Br(M)), a subgroup of Br(k). That -D is tame and semiramified means that 
[D:K] = \Fd:Tk\ = y [D : K] and D is a field separable (hence abelian Galois) over K, where Td is the 
value group the valuation on D. We say that D is decomposably semiramified (abbreviated DSR) if D is 
a tensor product of cyclic tame and semiramified division algebras. Using (1.2) with k a global field or 
an algebraic extension of a global field, Platonov showed in [P i] that every finite abelian group and some 
infinite abelian groups of bounded torsion appear as SKi(D) for suitable D. 

Shortly after Platonov's work, Yanchevskh obtained in [Y2], [Y3], [Y4] similar results for the unitary 
SKi for similar types of division algebras, namely D decomposably semiramified over K = k((x))((y)), 
with k any field, given that D has a unitary involution r with fixed field K T = £((x))((y)) for some field 
I C k with [k:£] = 2. Yanchevskii's key formula (when D = L\ 0^ L2 as above) is: 

SKiOD, r) ^ Br(D/k; i) / [ Br(Li/jfe; I) ■ Br(L 2 /k; £)] , (1.3) 

where for a field M D k, Bv(M/k;£) = ker (cor^^ : Bv(M/k) — > Br(£)); this is the subgroup of Br(fc) 
consisting of the classes of central simple /c-algebras split by M and having a unitary involution r with 
fixed field k T = I. He used this in [Y4] with k and I global fields to show that any finite abelian group is 
realizable as SKi(D,r). He obtained remarkably similar analogues for the unitary SKi to other results of 
Platonov for the nonunitary SKi, but generally with substantially more difficult and intricate proofs. 

Ershov showed in [Ei] and [E2] that the natural setting for viewing Platonov's examples of nontrivial 
SKi(D) is that of tame division algebras D over a Henselian valued field K. (Platonov considered his K in 
a somewhat cumbersome way as a field with complete discrete valuation with residue field which also has 
a complete discrete valuation.) The Henselian valuation on K has a unique extension to a valuation on D, 
and Ershov gave exact sequences that describe SKi(D) in terms of various data related to the residue 
division ring D. In particular he showed (combining [; , p. 69, (6) and Cor. (b)]) that if D is DSR (with 
K Henselian), then 

SKi(D) ^ H-\Gal(D/R),I?). (1.4) 

More recently, there has been work on associated graded rings of valued division algebras, see especially 
[HWW2], [Mou], [TW]. The tenor of this work has been that for a tame division algebra D over a Henselian 
valued field, most of the structure of D is inherited by its associated graded ring gr(D), while gr(-D) is 
often much easier to work with than D itself. This theme was applied quite recently by R. Hazrat and the 
author in [HWi] and [HW2] to calculations of SKi and unitary SKi. It was shown in [HWi, Th. 4.8] that 
if D is tame over K with respect to a Henselian valuation, then SKi(D) = SKi(gr(D)); the corresponding 
result for unitary SKi was proved in [HW2, Th. 3.5]. Calculations of SKi in the graded setting are 
significantly easier and more transparent than in the original ungraded setting, allowing almost effortless 
recovery of Ershov's exact sequences, with some worthwhile improvements. Notably, it was shown in [HWi, 
Cor. 3.6(iii)] that if K is Henselian and D is tame and semiramified (but not necessarily DSR), then there 
is an exact sequence 

HAH — y H~ x {H,~lT) — ► SK X (£>) — ► 1, where H = Gsl(D/K) ^ T D /F K . (1.5) 

When D is DSR, the image of H A H in H~ X (H, D ) is trivial, yielding (1.4). Then, Platonov's formula 
(1.2) is obtained from (1.4) via the following isomorphism: For a field M = L\ ®k -^2 where each Lj is 
cyclic Galois over k, 

H~ x (Gal (M/ k) , M* ) ^ Br(M/k) / [ Bt(Li/k) ■ Br(L 2 A)] ■ (1-6) 
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See (3.6)-(3.9) below for a short proof of (1.6) using facts about abelian crossed products. 

When D is semiramified but not DSR, the contribution of the first term in (1.5) can be better understood 
in terms of the I <g> N decomposition of D: Our semiramified D is equivalent in Br(iT) to I ®x TV, where 
I is inertial (= unramified) over K and N is DSR, so N = D and Tn = ^d- Thus, the H~ l term 
in (1.5) coincides with SKi(iV). We will show in Cor. 3.8(i) below that the image of H AH in ff~ 1 (i7, D*) 
is expressible in terms of parameters describing the residue algebra I of /, which is central simple over 
K and split by the field D. This I does not show up within D or D, but nonetheless has significant 
influence on the structure of D. (For example, it determines whether D can be a crossed product or 
nontrivially decomposable — see [JW, pp. 162-166, Remarks 5.16]. In [JW] DSR algebras were called "nicely 
semiramified," and abbreviated NSR. We prefer the more descriptive term decomposably semiramified.) 
Also, I is not uniquely determined by D, but determined only modulo the group Dec(D / K) of simple K- 
algebras which "decompose according to D " — see §3 below for the definition of Dec(D/K). In the bicyclic 
case where D is semiramified and K Henselian and D = L\ ®^ with each Lj cyclic Galois over K, we 
will show in Cor. 3.8(h) that 



SK^D) - MD/K)/[MLi/K).^{L2/K) •([/])], (1.7) 



which is a natural generalization of Platonov's formula (1.2). 

The principal aim of this paper is to prove unitary versions of the results described above for nonuni- 
tary SKi, especially (1.4), (1.6), and (1.7). The unitary versions of these are, respectively, Th. 7.1(1), 
Prop. 6.2, and Th. 7.3(h). Along the way, it will be necessary to develop a unitary version of the / <g> N 
decomposition for semiramified division algebras. This is given in Prop. 4.5. In the final section we will 
apply some of these formulas to give an example where the natural map SKi(D,r) — > SKi(D) is not 
injective. 

This paper is a sequel to [HW2], which describes the equivalence of the graded setting and the Henselian 
valued setting for computing unitary SKi, and has calculations of SKi (D,r) for several cases other than 
the semiramified one considered here. However, the present paper can be read independently of [HW2]. 
We will work here primarily with graded division algebras, where the calculations are more transparent 
than for valued algebras. Some basic background on the graded objects is given in §2. But we reiterate 
that by [HW2, Th. 3.5] every result in the graded setting yields a corresponding result for tame division 
algebras over Henselian valued fields. While what is proved here is for a rather specialized type of algebra, 
we note that detailed knowledge of SKi in special cases sometimes has wider consequences. See, e.g., the 
paper [RTY] where Suslin's conjecture is reduced to the case of cyclic algebras. See also [W, Th. 4.11], 
where the proof of nontriviality of a cohomological invariant of Kahn uses a careful analysis of SKi(D) for 
the D in Platonov's original example. 

From the perspective of algebraic groups, it is perhaps unsurprising that there should be results for 
the unitary SKi similar to those in the nonunitary case. For, SLi(D) is a group of inner type A n _\ 
where n = deg(-D), and SUi(D,r) is a group of outer type A n _\ (cf. [KMRT, Th. (26.9)]). Nonetheless, 
the similarities in formulas for SKi (D,t) given in Yanchevskii's work and in [HW2] and here to those 
for SKi(Z)) seem quite striking. Likewise, the results by Rost on SKi(D) for biquaternion algebras (see 
[KMRT, §17A]) and by Merkurjev in [\ f L >] for arbitrary algebras of degree 4, have a unitary analogue proved 
by Merkurjev in [M3]. This suggests that a further analysis of the unitary SKi would be worthwhile, notably 
to investigate whether there are unitary versions of the deep results by Suslin [S112] and Kahn [K] relating 
SKi(D) to higher etale cohomology groups. 
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2. Graded division algebras and simple algebras 

We will be working throughout with graded algebras graded by a torsion-free abelian group. We now 
set up the terminology for such algebras and recall some of the basic facts we will use frequently. 

Let T be a torsion-free abelian group, and let R be a ring graded by T, i.e., R = © 7Gr ^7> where each R 7 
is an additive subgroup of R and R 7 • R5 C R 7+ 5 for all 7, 5 G T. The homogeneous elements of R are those 
lying in |J 76r R 7 - If r € R 7 , r 7^ 0, then we write deg(r) = 7. The grade set of R is Tr = {7 G T | R 7 7^ {0}}. 
(We work only with gradings by torsion-free abelian groups because we are interested in the associated 
graded rings determined by valuations on division algebras; for such rings the grading is indexed by the 
value group of the valuation, which is torsion- free abelian.) If R' = © 7gr R 7 is another graded ring, a 
graded ring homomorphism ip: R — > R' is a ring homomorphism such that y?(R 7 ) Q R 7 for all 7 G T. If 
if is an isomorphism, we say that R and R' are graded ring isomorphic, and write R = g R'. For example, if 
a G R is homogeneous and a G R*, the group of units of R, then the map int(a) : R — > R given by r 1— > ara" 1 
is a graded ring automorphism of R. 

A graded ring E = © 7g p E 7 is said to be a graded division ring if every nonzero homogeneous element 
of E lies in the multiplicative group E* of units of E. See [HWW2] for background on graded division ring 
and proofs of the properties mentioned here. Notably (as T is torsion-free abelian), E has no zero divisors, 
E* consists entirely of homogeneous elements, is a subgroup of T, Eq is a division ring, and each nonzero 
homogeneous component E 7 of E is a 1-dimensional left and right Eo-vector space. Furthermore, if M is 
any left graded E- module (i.e., an E-module such that M = © 7gr ^7 with E 7 -M,5 C M 7+< 5 for all 7, 5 G T), 
then M is a free E-module with a homogeneous base, and any two such bases have the same cardinality; 
this cardinality is called the dimension of M and denoted dirriE(M). Any such M is therefore called a left 
graded E-vector space. 

A commutative graded division ring T = (J) 7e p T 7 is called a graded field. Such a T is an integral domain; 
let q(T) denote the quotient field of T. A graded ring A which is a T-algebra is called a graded T -algebra if 
the module action of T on A makes A into a graded T-module. When this occurs, T is graded isomorphic to 
a graded subring of the center of A, which is denoted Z(A). All graded T -algebras considered in this paper 
are assumed to be finite- dimensional graded T -vector spaces. Note that if A is a graded T-algebra, then 
A(g)jg(T) is a (/(T)-algebra of the same dimension. That is, [A:T] = [A<g>-r<z(T) :q(T)], where [A:T] denotes 
dim-r(A) and [A ® T g(T):g(T)] = dhm, (T) (A ® T g(T)). 

Note that if A and B are graded algebras over a graded field T then A <g>j B is also a graded T-algebra 
with (A (g>j B) 7 = X^5er^<5 ®t B 7 _,5 for all 7 G T. Clearly, Ta^b = Ta + Also, if C is a finite- 
dimensional To-algebra, then C ®t A is a graded T-algebra with (C <8>t A) 7 = C ®j A 7 for all 7 G T, 
and r C8)To A = T A . 

A graded T-algebra A is said to be simple if it has no homogeneous two-sided ideals except A and {0}. A 
is called a central simple T-algebra if in addition its center Z(A) is T. The theory of simple graded algebras 
is analogous to the usual theory of finite-dimensional simple algebras. This is described in [HwW-2, §1], 
where proofs of the following facts can be found. There is a graded Wedderburn Theorem for simple graded 
algebras: Any such A is graded isomorphic to EndE(M) for some finite-dimensional graded vector space M 
over a graded division algebra E, and E is unique up to graded isomorphism. Also, while Ao need not be 
simple, it is always semisimple, and Ao — ILj=i -^j(Eo) f° r some £j x £j matrix rings over Eo (see the proof 
of Lemma 2.2 below). We write [A] for the equivalence class of A under the equivalence relation ~ g given 
by: A ~ 9 A' iff A = g EndE(M) and A' = g Enc^M') for the same graded division algebra E. The Brauer 
group (of graded algebras) for T is 

Br(T) = {[A] I A is a graded central simple T-algebra}, 
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with the well-defined group operation [A] • [A'] = [A <g>j A']. When A = g EndE(M) as above, then [A] = [E], 
and up to graded isomorphism E is the only graded division algebra with A ~ 9 E. There is a graded 
version of the Double Centralizer Theorem, see [HwW2, Prop. 1.5] and also the Skolem-Noether Theorem, 
see [HwW2, Prop. 1.6]. We recall the latter, since it has an added condition not appearing in the ungraded 
version. 

Proposition 2.1 ([HwW2, Prop. 1.6(b),(c)]). Let A be a central simple graded algebra over the graded 
field T, and let B and B' be simple graded T-subalgebras of A. Let C = Ca(B), the centralizer of B in A, 
and let Z = Z(C) = Z(B) and C = Ca(B'). Let a: B — > B' be a graded T -algebra isomorphism. Then there 
is a homogeneous a £ A* such that a(b) = aba -1 for all b G B if and only if there is a graded T -algebra 
isomorphism 7: C — > C such that j\z = a|z- Such a 7 exists whenever Co is a division ring. 

If E is a graded division algebra over a graded field T, we write [E:T] for dimj(E). A basic fact is the 
Fundamental Equality 

[E:T] = [E :T ]|r E :r T |, (2.1) 

where |Te : T-rl denotes the index in of its subgroup Tj. Also, it is known that Z(Eq) is abelian Galois 
over To, and there is a well-defined group epimorphism 

@e: Pe -»• Gal(Z(E )/T ) given by @b(i){z) = aza" 1 for any z G Z(E ) and a G E 7 \ {0}. (2.2) 

Clearly, Tj C ker(0E), so 0e induces an epimorphism of finite groups ©e : Pe/Pt Gal(Z(Eo)/Eo). 

The terminology for different cases in (2.1) is carried over from valuation theory: We say that a graded 
field S 5 T is inertial over T if [So : To] = [S : T] < 00 and the field So is separable over To- When this 
occurs, Ts = Ttj an d the graded monomorphism So ®t T — > S given by multiplication in S is surjective 
by dimension count; so S = g So <8>t T. At the other extreme, we say that a graded field J ^ T is totally 
ramified over T if |Tj :Tt| = [J :T] < 00. When this occurs, Jo = To and, more generally, for any 7 G Tj, 
we have J 7 = T 7 since dimj (J 7 ) = dimj (J 7 ) = 1 = dimj (T 7 ). 

There is an extensive theory of finite-degree graded field extensions; [HwWi] is a good reference for 
what we need here. Notably, there is a version of Galois theory: For graded fields T C F, with [F:T] < 00, 
the (graded) Galois group of F over T is defined to be: 

Gal(F/T) = {ip : F — > F | ip is a graded field automorphism of F and ip\j = id}. 

Galois theory for graded fields follows easily from the classical ungraded theory since for the quotient fields 
of F and T we have q(F) = F <S>t <z(T)) so [<?(F) : a O~)] = [F : T], and there is a canonical isomorphism 
Gal(F/T) — > Gel(q(F)/q(T)) (the usual Galois group) given by ip i-> ip ® idqrr) ( see [HwWi, Cor. 2.5(d), 
Th. 3.11 ]). Thus, F is Galois over T iff q(F) is Galois over q(T), iff | Gal (F/T) | = [F:T], iff T is the fixed ring 
of Gal(F/T). This will arise here primarily in the inertial case: Suppose S is a graded field which contains 
and is inertial over T, with [S : T] < 00. For any ip G Gal(S/T) clearly the restriction ^1 s ^ es m Gal(So/To). 
Moreover, as S = g So ®t T, for any p G Gal(So/To) we have p® idj G Gal(S/T). Thus, the restriction 
map ip 1 y ip\$ yields a canonical isomorphism Gal(S/T) — > Gal(So/To). Hence, as [S : T] = [So: To], S is 
Galois over T iff So is Galois over To- 

Just as in the ungraded case, we can use Galois graded field extensions to build central simple graded al- 
gebras. If F is a Galois graded field extension of T, set G = Gal(F/T) and take any 2-cocycle / G Z 2 (G, F*). 
Then we can build a crossed product graded algebra B = (F/T, G, f) = Fx a with multiplication given 

by (ax a )(bx p ) = aa(b)f(a, p)x ap for all a, b G F, <r, p G G. The grading is given by viewing B as a left graded 
F-vector space with (x a ) a& c a s a homogeneous base with deg(x,j) = t^t Ylp^G deg(/(c, p)). A short calcu- 
lation shows that deg(/(<r, r) x aT ) = deg(x CT ) + deg(x r ) for all a, r G G; it follows easily that B is a graded 
T-algebra. Indeed, B is a simple graded algebra with Z(B) = g T. Conversely, if A is any central simple 
graded T-algebra containing F as a strictly maximal graded subfield (i.e., [F:T] = deg(A) (= w dimj(A) ), 
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then by the graded Double Centralizer Theorem Ca(F) = F = Z(F); so the graded Skolem-Noether The- 
orem, Prop. 2.1 above, applies to the graded isomorphisms in G, which yields that A = g (F/T, G, /) for 
some / G Z 2 (G,F*). From this one deduces, as in the ungraded case, that Br(F/T) = H 2 (G, F*), where 
Br(F/T) denotes the kernel of the canonical map Br(T) — > Br(F) given by [A] i— > [A ®j F]. In particu- 
lar, if Gal(F/T), is cyclic, say with generator a, then for any b G T* we have the graded cyclic algebra 
C = (F/T, (7,6) = ©-Zq Fy*, in which ya = cr(a)y for all a G F and y r = b, where r = [F : T]. For 
the grading, we view C as a left graded F-vector space with homogeneous base (l,y,y 2 , . . . ,y r ) with 
deg(y l ) = ^ deg(6). Then C is a central simple graded T-algebra. 

There are also norm maps in the graded setting: If T C F are graded fields with [F : T] < oo, then 
because F is a free module the norm iV F / T : F — > T can be defined by c i— > det(A c ), where for c G F, 
A c G Hom-r(F, F) is the map a h-» ca. Clearly, iV F / T (c) = N q n:y q (j\(c), where N q ^y q (j^ is the usual norm 
for the quotient fields. Also, if c G F is homogeneous, say c G F 7 , then A?p/y(c) G T[p.jj 7 . Likewise, if B is 
a central simple graded T-algebra, then it is known that B is an Azumaya algebra of constant rank [B : T] 
over T; hence there is a reduced norm map Nrd B : B — > T. It is easy to see that for the central ring of 
quotients q(B) = B0jq(T) of B, we have q(B) is a central simple algebra over the field q(T), and it is known 
(see [HWi, proof of Prop. 3.2(i)]) that for any b G B, Nrd B (6) = Nrd ?(B )(6), where Nrd g(B) : g(B) -> q(J) 
is the reduced norm for q(B). As usual, b G B* iff Nrd B (6) G T*. Also, if b G B 7 , then Nrd B (6) G T deg ( B ) 7 . 
Now assume further that B is a graded division algebra, so that all its units are homogeneous. Then for 
the commutator group [B*, B*] of B, we have [B*, B*] C {b G B | Nrd B (6) = 1} C B* . We define 



The fact that both terms in the right quotient lie in Bq often makes that calculation of SKi(B) much more 
tractable in this graded setting than for ungraded division algebras. 

We need terminology for some types of simple graded algebras and graded division algebras over a 
graded field T. A central simple graded T-algebra I is said to be inertial (or unramified) if [lo:To] = [l:T]. 
When this occurs, the injective graded T-algebra homomorphism lo (8>t T — ?■ I is surjective by dimension 
count. So, T| = Tj and I = 5 lo ®t T. Hence, lo must be a central simple To-algebra. Moreover, if we let 
D be the To-central division algebra with lo = M^(D), then D <S)j T is clearly a graded division algebra 
over T which is also inertial over T, and D <8>t "F ~g ' ( see Lemma 2.2 below). 

The principal focus of this paper is on calculating SKi and unitary SKi for semiramified graded di- 
vision algebras. Let E be a central graded division algebra over a graded field T. This E is said to 
be semiramified if [Eo:To] = |Fe:Ft| = deg(E) and Eo is a field. Since Eo = Z(Eq), Eq is abelian Ga- 
lois over To and the epimorphism 0^: Fe/Tt — > Gal(Eo/To) (see (2.2)) must be an isomorphism as 
ITe/FtI = [Eo:To] = | Gal(Eo/To)|. Furthermore, E has the graded subfield EoT = g Eq ®t T, which is 
inertial and Galois over T with Gal(EoT/T) = Gal(Eo/To). Because [EoT:T] = deg(E), the graded Double 
Centralizer Theorem [HwW2, Prop. 1.5] shows that Ce(EoT) = EoT, and hence EoT is a maximal graded 
subfield of E; thus, E is a graded abelian crossed product, as will be discussed in §3. 

There is a significant special class of semiramified graded division algebras which are building blocks for 
all semiramified algebras. We say that a T-central graded division algebra N is decomposably semiramified 
(abbreviated DSR) if N has a maximal graded subfield S which is inertial over T and another maximal 
graded subfield J which is totally ramified over T. The graded Double Centralizer Theorem yields that 
[S:T] = [J:T] = deg(N). We thus have 



deg(N) = [J:T] = |r j: r T | < |r N :r T | and deg(N) = [S:T] = [S :T ] < [N :T ]. (2.4) 



Since : Tj\ [No : To] = [N : T] = deg(N) 2 , the inequalities in (2.4) must be equalities, showing that 
Nq = Sq and Tn = Tj, hence N is semiramified. We call such an N decomposably semiramified because it 




(2.3) 
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is always decomposable into a tensor product of cyclic semiramified graded division algebras (see Prop. 4.4 
below for the unitary analogue to this). The older term for such algebras is nicely semiramified (NSR). 

While our focus in this paper is on central graded division algebras we will often take tensor products 
of such algebras, obtaining simple graded algebras which may have zero divisors. The next lemma allows 
us to recover information about the graded division algebra Brauer equivalent to such a tensor product. 

Lemma 2.2. Let B be a central simple graded algebra over the graded field T. Let D be the graded division 
algebra Brauer equivalent to B. Suppose Bo is a simple ring. Then, 

(i) B = g Mg(D) for some £, where the matrix ring M^(D) is given the standard grading in which 
(M £ (D)) = M*(D 7 ) for all 7 G T D . Hence, B = M e (D ), T B = r' B = r D , and B = @d, where 
F' B = {deg(6) I b G B* and b is homogeneous} , and 

Ob: T b — > Gal(Z(Bo)/To) is given by deg(6) 1— » int(6)|^(B )j f or an V homogeneous b G B* (2.5) 

where mt(b) denotes conjugation by b. 

(ii) B is a graded division algebra if and only if Bo is a division ring. 

Proof, (i) By the graded Wedderburn Theorem [HwW2, Prop. 1.3], B = g Endo(V) for some right graded 
vector space V of D. The grading on Endo(V) is given by 

(End D (V)) £ = {/ G End D (V) | f{M s ) C V £+5 for all 5 G T v }. 

Take a homogeneous D-base (v±, . . . , V() of V, and let 7j = deg(^j), for 1 < i < £; then, Ty = Ui=i 7« + To- 
Let 5\ + Tq, • • • , 5 S + be the distinct cosets of appearing in Ty, and let tj be the number of i with 
7i G 5j + Tq. So, ti + ... +t s = I. By replacing each Vi by a D*-multiple of it, we may assume that 
deg(vi) = 5j whenever 7; G 5j + T D . Then, we can reindex (vi,. . . ,ve) = (t>n, . . . , v\ tl , . . . , v s i, ■ ■ ■ , v sts ) 
with deg(vjk) = 5j for all j, k. Then, = Do-span (t>ji, . . . , Vjt<) for j = 1, 2, . . . , s, and 

(End D (V)) Q = { / G End D (V) | /(V e ) C V £ for all e G Ty} 

^ fl End Do (Do-span^!,..., v jtj )) * f[ M tj (D ). 
j=l 3=1 

This is a direct product of s simple algebras. Since we have assumed that Bo is simple, we must have s = 1, 

i.e., all the Vi have degree 6\. It is then clear that when we use the base (t>i, . . . ,vi) for the isomorphism 

Endo(V) = Mg(D), the grading on M^(D) induced by the isomorphism is the standard grading. Thus, 

B ^ g M e (D) and hence B ^ M £ (D ) and T B = T D . Then, r' B = ^' Me[D) = Td and, when we identify Z(B ) 

with Z(M^(Do)) and with Z{Dq), clearly ©b = ©a/^d) = ©d- 

(ii) If B is a graded division algebra, then every nonzero homogeneous element of B lies in B*. In 

particular, Bo \ {0} C B*, so Bo is a division ring. Conversely, suppose Bo is a division ring. Since Bo is 

then simple, part (i) applies, showing that for some graded division algebra D, we have B = g M^(D) where 

Bo = Mf(Do). Necessarily t = 1, as Bo is a division ring. □ 

Corollary 2.3. Let I and E be central graded division algebras over a graded field T, with I inertial, and 
let D be the graded division algebra with D ~ 3 I ®j E. Then, Do ~ lo ®j Eo, ^(Do) = Z{Eq), Tq = Te, 
and ©□ = ©e- 

Proof. Let B = I ®t E. Since I = g \q <g)-r T, we have B = g lo ®t E. Hence, Bo = lo ®t Eo, 
Z(Bq) = Z(\q) (8)t Z(Eq) = Z(Eq), and Tb = Te- Moreover, Bo is simple as lo is central simple over To, 
so Lemma 2.2 applies to B. In particular, T' B = Tq and ©b = ©e- Since D is the graded division algebra 
with D ~ 9 B, the Lemma yields Do ~ Bo = lo <8>t Eo 5 so Z(Dq) = Z(Bq) = Z(Eq), and Tq = Tq = T^, and 

©D = ©B = 0E. □ 
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3. ABELIAN CROSSED PRODUCTS AND NONUNITARY SKi FOR SEMIRAMIFIED ALGEBRAS 

Let M be a finite degree abelian Galois extension of a field K, and let H = Gal(M/K). Let 
X(M/K) = Hom(H, Q/Z), the character group of H. Take any cyclic decomposition H = (ci) x . . . x (<7fc), 
and let ri be the order of <jj in H. Let (%i,---,Xfc) be the base of X(M/K) dual to (ci, . . . , tffc); so 
XiC^j) = <%/ r i + ^) where 5^ = 1 if j = i and = if j 7^ i. Let Lj be the fixed field of ker(xi)- So, 
M = L\ ®k . . . <S>k Lk, and for each i, Li is cyclic Galois over K with [Li :K] = r i and Gal(Li/K) = {u^k)- 
Let A be any central simple K-algebra containing M as a strictly maximal subfield (i.e., M is a maximal 
subfield of A with [M:if] = deg(A)). By the Double Centralizer Theorem, the centralizer Ca(M) is M. 
Recall that every algebra class in ~Br(M/K) is represented by a unique such A. By Skolem-Noether, for 
each i there is Z{ G A* with int(zi)|M = Cj, where int(zj) denotes conjugation by Zj. Set 

Uij = ZiZjZ^zJ 1 and 6j = z[\ 

Since int(u^)|jv^ = <JiO-jO~^ uj = and m t(^)U'/ = °" r ' = idjWi all the and 6j lie in Ca(M)* = M*. 
Take the index set 3 = Y[i=i{®i 1> 2, . . . , — 1} C Z fe . For i = (ij, . . . , i^) G 3, set a 1 = cr^ 1 . . . o % £ and 
z 1 = Zi . . . z % £ . So, int(-2; I )|ivf = o" 1 and, as the map i 1— > a 1 is a bijection 3 ^ H, we have the crossed 
product decomposition 

4 = ® Mz*. 

For i, j G 3, if we set i*j to be the element of 3 congruent to i + j mod r{L x . . . x r^Z in Z fc , and set 

/(ctV) = zV^j)" 1 G M*, 

then / G Z 2 (H, M*) and the multiplication in A is given by 

az 1 • cz i = aa 1 (c) / (a 1 , a 1 ) z 1 * 3 , for all a, c G M and i,j G 3. 

Since each /(a 1 , a J ) is expressible as a computable product of the Ujj and the &, and their images un- 
der i?, the multiplication for A is completely determined by M, H, and the Uij and 6j. Thus, we write 
A = A(M/K, <r,u,b), where cr = (01,.. .,a k ), u = («»j)i=i, j=n and b = (h,-- -A)- 

It is easy to check (cf. [AS, Lemma 1.2] or [T2, p. 423]) that the li™ and the bi satisfy the following 
relations, for all i, j, I, 

uu = 1, uji = u"- 1 , ai(u je )aj(uu)a e (uij) = Uj£U £i Uij (3.1) 

and 

N M/M(°i)( u ij) = bi/djibi), (3.2) 

where M^' is the fixed field of M under (<7j). It is known (cf. [AS, Th. 1.3]) that for any family of uij 
and bi in M* satisfying (3.1) and (3.2) there is a central simple X-algebra A(M/K, cr, u, b). 

Lemma 3.1. Let A = A(M/K, cr, u, b) as above, and let B = A(M/K,er,v,c). Then, there is a well- 
defined abelian crossed product A(M/K, cr, w, d) where Wij = UijVij and di = biCi for all Moreover, 
A ®k B ~ A(M/K, cr, w, d) (Brauer equivalent) . 

Proof. Because the and 6, satisfy (3.1) and (3.2) as do the Vij and Cj, and the cr, and the norm maps 
are multiplicative, the Wij and di also satisfy (3.1) and (3.2). Therefore A(M/K, cr, w, d) is a well-defined 
abelian crossed product. 

We have the 2-cycle / G Z 2 (H,M*) representing A defined as above by, f(a 1 ,a i ) = z 1 z 3 {z 1 *' 3 )" 1 . The 
relations z\ x = bi and [jZj, Zj] = Uy are encoded in / by 

f ,< x fl, if0<£<r,-2 fl if i < j 

/fo^t) = < , ., . , and f(a i ,a j ) = \ (3.3) 

[6j, if I = Ti - 1 [Uij if z > j. 
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We likewise build a cocycle g G Z 2 (H, M*) for B = A(M/K, cr, v, c). Then, the cocycle f-g satisfies condi- 
tions corresponding to those for / in (3.3), so f-g is a cocycle for C = A(M/K, er, w, d) where Wij = UijVij 
and di = frjCj. From the group isomorphism H 2 (H, M*) ^ Bi(M/K) it follows that A ® K B ~ C. □ 

In Tignol's terminology in [T2], a central simple i'T-algebra containing M as a strictly maximal subfield 
decomposes according to M if A = (Li/K, a±, bi)(E)K ■ ■ • &>K (L k /K, o~ k , b k ) for some b±, . . . , bk G K*. Clearly 
then, A = A(M/K, <t, 1, b), i.e., each Uj,- = 1. Conversely, for any algebra A(M/K, a, 1, b) (i.e., the Zj 
commute with each other), each Zj centralizes i»j = z[ l , so 6j G M = X and the algebra decomposes 
according to M. The collection of such algebras yields an important distinguished subgroup Dec(M / K) 
of Bt(M/K), i.e. 

Dec(M/K) = {[A] £ Bt(M/K) \ A decomposes according to M} 

= { [A(M/K,(T,u,h)] I every Uij = 1 and every bi G K* }. ^ ^ 

Since Br (Li/K) = {[(Li/ K,a i: b)\ \ b e K*}, we have also Bec(M/K) = Y[ k i=l Bx(Li/K) C Bt(M/K). 
Tignol also also points out in [T2, p. 426] a homological characterization: From the short exact sequence 
of trivial //-modules — > Z — )■ Q — > Q/Z — > the long exact cohomology sequence yields the connecting 
homomorphism 5: H l (H, Q/Z) -»■ H 2 (H,Z), which is an isomorphism since H l (H, Q) = 1 for z > 1 as Q is 
uniquely divisible. For any x G X(M/K) = H 1 (H,Q/Z) and any c £ K* = H°(H, M*) it is known (cf. [Se, 
p. 204, Prop. 2]) that under the cup product pairing u : H 2 (H, Z) x H°(H, M*) -> i/ 2 (F, Af) = Br (M/lf), 
we have 5(x) u c= [(N/K, p\ni c)], where TV is the fixed field of ker(x) and p € H is determined by 
X (p) = (1/lxl) +Z G Q/Z. Thus, the algebra class [(Li/if, ai, h) ® K ---®K (L k /K,a k ,b k )} in Bi(M/K) 
corresponds to (S(xi) u ^1)+ • • • + ($(Xk) u ^fc) i n H 2 (H, M*). Since the cup product is bimultiplicative and 
X(M/K) = ( X i,...,Xk), we have 

Bec(M/K) = <im(u: H 2 (H,Z) x H°(H,M*) -+ H 2 (H,M*))) = f\ Bv(L/K), (3.5) 

KCLCM 
Ga\(L/K) cyclic 

showing that Dec(M/K) is independent of the choice of the cr, and the Lj. (Actually, Tignol uses (3.5) as 
his definition of Dec(M/F), and proves in [To, Cor. 1.4] that this is equivalent to the definition given here 
in (3.4).) 

The case when H is bicyclic is of particular interest, i.e., H = (01) x (172) and M = L\ ®k L<i- Then, 
for any algebra A = A(M/K, a, u, b), if we set u = U12, then u determines all the Uij as U21 = and 
u\\ = U22 = 1- We write, for short, A = A(u, 61, 62). The conditions in (3.2) can then be restated: 

h G M< CT1 > = L 2 , 6 2 G A/ (,T2) = Li, N M/L2 (u) = b 1 /a 2 (bi), N M/Ll (u) = a 1 (b 2 )/b 2 . (3.6) 

Note that N M / K (u) = N L2 / K (bi/a2(b\)) = 1. An easy calculation (cf. [AS, Th. 1.4]) shows that 

A(u, 61,62) — A(v! , b'i, b' 2 ) if and only if there exist c\,c 2 G M* such that 

(3.7) 

u' = [ci/o- 2 (c 1 )][o- 1 (c 2 )/c 2 ]u, b[ = N M/L2 (a)bi, and b' 2 = N M/Ll (c 2 )b 2 . 

These observations can be formulated homologically: Recall that H~ 1 (H, M*) = ker(N M ^ K )/lH(M*), 
where ker(A'" M /^) = {m G M* \ N M / K (m) = 1} and, as H = (ai) x (0-2), 

I H (M*) = { [a/*i(a)] [b/a 2 (b)} | a, 6 G M* } . 

We define a map 

rj: Bt(M/K) — >H~ 1 (H,M*) given by [A(u, h, b 2 )] i-> uI H (M*). (3.8) 

By (3.7) above r] is well-defined, and Lemma 3.1 shows that r\ is a group homomorphism. Given any 
u G M* with N M j K (u) = 1, Hilbert 90 gives b\ G and b 2 G so that the conditions in (3.6) are 
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satisfied and the algebra A(u,b\,b2) exists. Therefore r\ is surjective. By (3.7), 

ker(? ? ) = {[A{uMM)\ I « = 1} = Vec(M/K), 

so T) yields an isomorphism 

Bi(M/K)/Dec(M/K) Qi H~ 1 (Gal(M/K),M*) whenever M is bicyclic over K. (3.9) 

This isomorphism is known (see, e.g., [To, Remarque, pp. 427-428]); indeed, it follows by comparing Draxl's 
formula [D, Kor. 8, p. 133] for SKi of the division algebras considered by Platonov in [P2] with Platonov's 
formula in [P2, Th. 4.11, Th. 4.17]. I learned of this description of the isomorphism from Tignol. Its 
relevance for SKi calculations is shown in the next proposition, which is the graded version of (1.4) and 
(1.2) above. 

Proposition 3.2. Suppose N is a DSR central graded division algebra over the graded field T. Then, 

(i) SKi(N) S F _1 (iJ, No) where H = Gal(N /T ). 

(ii) If No — L\ (%>t L2 with each Li cyclic Galois over To, then 

SKi(N) ^ Br(No/To)/Dec(No/T ). 

Proof, (i) was given in [HWi, Cor. 3.6(iv)], and (ii) follows from (i) and (3.9) above. □ 

We will generalize Prop. 3.2 in Th. 3.7 below by giving formulas for SKi(E) when E is semiramified but 
not necessarily DSR. For this we need, first, a graded version of the abelian crossed products described at 
the beginning of this section. Second, we need a graded version of the I®N decomposition for semiramified 
division algebras over a Henselian valued field. Here / is inertial and N is DSR. (See [JW, Lemma 5.14, 
Th. 5.15] for the valued I ® N decomposition.) 

Here is the graded version of abelian crossed products. Let B be a central simple graded algebra over 
a graded field T. Assume that B contains a maximal graded subfield S with [S:T] = deg(B) (= y[B : T] ) 
such that S is Galois over T and H = Gal(S/T) is abelian. We have Cb(S) = S by the graded Dou- 
ble Centralizer Theorem. For any cyclic decomposition H = (o~i) x . . . x (o~k), the graded Skolem- 
Noether Theorem, Prop. 2.1, is available as Cb(S) = S = Z(S); it shows that for each i there is 
Ui G B* with m homogeneous and int(yj)|s = cij. Set c« = y\ l where is the order of cij in H, and 
set Vij = yiVjy^ 1 yJ 1 • Then, each a G Cb(S)* = S* with deg(yj) = ^-deg(cj), and each Vij G Sq. For each 
i = (ii, . . . ,i k ) G 3 = n^=i{°: • • • ,rj - 1}, set y 1 = y 1 ^ . ..y l k k . Then, int^ 1 )^ = a 1 , and we have 

B = Sy 1 . (3.10) 

For, the sum in the equation is direct since B (giy g(T) = © ig:J (S <8>t 9 CO) y 1 by the ungraded case. Then 
equality holds in (3.10) by dimension count. Note that B is a left graded S-vector space with homogeneous 
base (y 1 ).^, and 

deg(y i ) = E £deg(c,-). (3.11) 

So, 

Fb = <^deg(ci),...,^deg(c fe )} +T S and each B 5 = © ^-degf^))^- ( 3 - 12 ) 

i& 

Since B is determined as a graded T-algebra by S, the o~i, the v^, and the q, we write B = A(S/T, a, v, c), 
where <r = (o"i, . . . , o~k), v = (vij)^ =1 ^ =1 , and c = (ci, . . . , c&). Note that the and the q satisfy the 
identities corresponding to (3.1) and (3.2). Conversely, given any G Sq and q G S* satisfying those 
identities there is a central simple graded T algebra A(S/T, a, v, c). This is obtainable as B = ©igjSy 1 
within the ungraded abelian crossed product A = A(q(S)/q(T), cr, v,c), with the grading on B determined 
by that on S and deg(yj) = ^-deg(cj), as described above. To see that B is a graded ring, one uses that 
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each a G H is a (degree-preserving) graded automorphism of S and that deg(y' -y J ) = deg(y 1 ) + deg(y J ) for 
all i, j G J, since all the Vij have degree 0. This B is graded simple, since any nontrivial proper homogeneous 
ideal would localize to a nontrivial proper ideal of the simple (/(T)-algebra A. 

Remark 3.3. The graded analogue to Lemma 3.1 holds, with the same proof, since for S Galois over T, we 
have Br(S/T) # 2 (Gal(S/T), S*). 

The graded abelian crossed products we work with here will have S inertial over T and will be semi- 
ramified, as described in the next lemma. 

Lemma 3.4. Let S be an inertial graded field extension of T with S abelian Galois over T. Let 
H = Gal(S/T) = (<7i) x ... x (a k ) as above with ri the order of o~i, and let B = A(S/T, <x, v, c) be a graded 
abelian crossed product. Let Si = p-deg(q) G T B and 5i = 5- L + Tj G Tq/Tj. Then, B is a semiramified 
graded division algebra if and only if each 5i has order r, and 5\, ... ,5k are independent in Tb/Tj. When 
this occurs, Bq = So and Tq/Tj = (5\) x . . . x (5k) = H. 

Proof. Since S is inertial and Galois over T, So is Galois over To with Gal(So/To) — Gal(S/T) = H. We 
identify H with Gal(S /T ). We have S C B and [S :T ] = [S:T] = deg(B). 

Suppose B is a semiramified graded division algebra. Then, [Bo: To] = deg(B) = [So: To], so Bo = So- 
Since B is semiramified, the epimorphism ©b: T b /T — > H is an isomorphism, as noted in §2. When we 
represent B = ® ie jSy 1 as above, since int(yj) = a, and deg(yj) = ^-deg(cj) = 5i, we have ©b(<5j) = o~i- 
Hence, 5i has the same order n as o~i, and 

r B /r T = e B \H) = e^^)) x . . . x e B \(a k )) = (5~)x...x (si), 

so the 5i are independent in Tq/Tj. 

Conversely, suppose each 5% has order rj and the 5i are independent in Tb/Tj • Then, 

k 

|r B :r T | > n 1(^)1 = n...r k = \h\ = deg(B). 

i=l 

Hence, 

[B :T ] = [B:T]/|r B :r T | < deg(B) 2 / deg(B) = [S :T ]. (3.13) 

Since So C Bo, (3.13) shows that Bo = So, so equality holds in (3.13). Since Bo is a field, B is a graded 
division algebra by Lemma 2.2(h), and it is semiramified by the equality in (3.13). □ 

Observe that if E is any semiramified graded T-central division algebra, then E is a graded abelian 
crossed product as described in Lemma 3.4. Tor, EoT is a maximal graded subfield of E which is inertial 
and Galois over T with Gal(EoT/T) = Gal(Eo/To), which is abelian. 

Proposition 3.5. Let E be a semiramified central graded division algebra over the graded field T. Then, 

(i) There exist graded T-central division algebras I and N such that I is inertial, N is DSR, and E ~ g l^jN 
in Br(T). When this occurs, No = Eo, Tjy = Te, ©n = ©E, and Eq splits lo- 

(ii) For any other decomposition E ~ 5 I'fgijN' with \' inertial and N' DSR, we have \' = \q (mod Dec(Eo/To) ). 

We do not give a proof of Trop. 3.5 because it is a simpler version of the proof of the analogous unitary 
result, which is Trop. 4.5 below. Also, Trop. 3.5 is the graded analogue of a known result for semiramified 
division algebras over Henselian valued fields, [JW, Lemma 5.14, Th. 5.15], and the graded result given 
here is deducible from the Henselian one. 
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Lemma 3.6. For the semiramified graded division algebra E = A(EoT/T, cr, v, c) as above, write 
E ~ 5 I <S>t N with I inertial and N DSR; so [lo] G Br(Eo/To). // lo ~ ^(Eo/To, <x, u, b), i/ien oy chang- 
ing the chioce of the yi G E* inducing o~i on EoT we Ziaue E = A(EoT/T, cr, u, e) with the same u as 
for l . 

Proof. Let J be a maximal graded subfield of N which is totally ramified over T, so Tn = Tj. Because 
N is semiramified, the map 0n : r^i/Ty — > Gal(No/To) is an isomorphism. But also No = Eo- Thus, 
for each i, we can choose X{ G J* with 0|\|(deg(xj)) = <Tj | e • Let d{ = x\ l G (NoT)* = (EoT)*. Then, 
N = g A(EoT/T, cr, w, d), where each 11) ij — X ^ X j X ■ n 

= 1, as all the xt lie in the graded field J. Let 
Iq = yl(Eo/To, cr, u, b), which is Brauer equivalent to lo- Then set I' = \' <S>t T, which is an inertial 
T-algebra with I' ~ g I. Since I' <X>j N ~ 9 I <S>y N ~ 5 E, we may without any loss replace I by I'. Then, as 
lo = A(Eo/To, cr, u, b), clearly I = g \q ®t T = g A(EoT/T, cr, u, b). Let E' = A(EoT/T, cr, u, e), where each 
ej = bidi, and let y[, . . . ,y' k be the associated generators of E' over EoT. Then, E ~ 9 I N ~ g E', by 
Remark 3.3, as UijWij = Uy. Note that for each i, deg(ej) = deg(dj), as deg(frj) = 0. Hence, T^i = Tn 
by (3.12). Furthermore, E' is a semiramified graded division algebra since N is, because Lemma 3.4 shows 
that this is determined by the deg(ej), resp. deg(cZj). Because E' is a graded division algebra (not just a 
graded simple algebra), as is E, from E ~ 5 E' the uniqueness in the graded Wedderburn Theorem [HwW2, 
Prop. 1.3] yields a graded T-isomorphism rj: E — > E' . By the graded Skolem-Noether Theorem, Prop. 2.1, 
rj can be chosen so that 77I e t = id. Then replacing the y\ by f]~ 1 (y'i) in the presentation of E changes 
each Vij to Uij. □ 

Theorem 3.7. Suppose E is a semiramified T -central graded division algebra, and take any decomposition 
E ~c, I (8>y N where I is an inertial graded T-algebra and N is DSR. Then, 

(i) Since \q G Br(Eo/To) wrai/i Eo abelian Galois over Tq, we can write \q ~ ^4(Eo/To, cr, u, b) in Br(To). 
Then, 

SKi(E) = # _1 (iJ,E^)/(im{wij | 1 < i,j < k}), where H = Gal(E /T ). 

(ii) If Eo = L\ <S)j L2 with each Li cyclic Galois over Tq, then 

SKi(E) - Br(E /To)/[Dec(Eo/To)-([l ])], 
where Dec(E /T ) = Br(Li/T ) • Br(L 2 /T ). 

Proof. The definition of SKi for graded division algebras is given in (2.3) above. (i) We have 
H = Gal(E /T ) = Gal(E T/T). Since E is semiramified, H ^ r E /r T via e^ 1 (see §2). By [HWi, 
Cor. 3.6(h)] there is an exact sequence 

— > HAH A H'^CE*) A SKi(E) — > 0. (3.14) 

The maps in (3.14) are given as follows: Let ker(Nrd E ) = {a G E* | Nrd E (a) = 1} C Eq, and let 
ker(A r E()/ / To ) = {a G Eq | A^ Eo / To (a) = 1}. Because E is semiramified, by [HW2, Remark 2.1(iii), Lemma 2.2], 
ker(Nrd E ) = ker(iV Eo / To ). For every p G H, choose any y p G E* with int(y p )| Eo = p. The map is given 
by: for p,ir £ H, 

$(/3 A 7r) = y^y^y- 1 ^) G ker(AT Eo/To )// H (E5) = H~\H,E* ). 
The map ^ is given by: for a G ker(A r Eo / To ), 

*(aI H (Eo)*) = a[E*,E*] G ker(Nrd E )/[E*, E*] = SKx(E). 

By Lemma 3.6, we can assume E = A(EoT/T, cr, u, c) (with the same Uij as for lo). Since 
H = Gal(E T/T) = (ax) x ... x (a k ), we have H A H = {pi A o~j \ 1 < i, j < k). There are yi, . . . ,yu G E*, 
with int(yj)| Eo = a\ and y%yjy^ X y7 X = u^-. So we can take y Gi = yi, 1 < i < k, yielding for the $ in (3.14), 
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$(cjj A Uj) = Uijlni^o) G H 1 (H, Eq). Thus, im($) = (im(-Uij) | 1 < i,j < k), and part (i) follows from 
the exact sequence (3.14). 

(ii) When E = L\ £g> To L 2 , H = Gal(E /T ) has rank 2, say H = (a\) x (a 2 ). So, H A H = (a\ A <7 2 ) 
and im($) = (ui 2 -Zh(Eq)). As we saw in discussion of (3.9) above, the isomorphism 

Br(Eo/To)/Dec(Eo/T ) — ► H~\H,E* ), 

maps [lo] +Dec(Eo/To) to ui 2 /#(Eq). Thus using part (i), 

SKi(E) - H-\H,E*)/(im(u 12 )) - Br(E /T )/ [Dec(E /T ) • ([ l ]>] . □ 

For any division algebra D over a Henselian valued field F, the valuation on F extends uniquely to 
a valuation on D, and we write D for its residue division algebra and for its value group. Recall 
the isomorphism SKi(L>) = SKi(gr(D)) for a tame such D, proved in [HWi, Th. 4.8]. By using this 
isomorphism, Th. 3.7 yields the following: 

Corollary 3.8. Let F be field with Henselian valuation v, and let D be an F-central division algebra 
which (with respect to the unique extension of v to D) is tame and semiramified. Take any decomposition 
D ~ / ®p N , where I and N are F-central division algebras with I inertial and N DSR. 

(i) Since I € Br(D/F) with D abelian Galois over F, we can write I ~ A(D/F, cr, u, b) in Br(i ? ). Then, 

SKi(D) = )/(ixn{uij | 1 < i,j < k}), where H = G&\{D/F). 

(ii) If D = L\ ®-p Li with each Li cyclic Galois over F, then 

SKi(D) = Bv(D/F)/[Bec(D/F) •([/])], 
where Bec(D/F) = Bt(L\/F) ■ Bt(L 2 /F). 

Proof. (That D is tame and semiramified means [D : F] = \T D : I>| = s/\LhF] and D is a field sep- 
arable over F.) Let T = gr(-F), the associated graded ring of F with respect to the filtration on it 
induced by the valuation (cf. [HwW-2] or [HWi]). Since F is a field, T is a graded field with Tq = F and 
Tj = Tp. Since v is Henselian, it has unique extensions to valuations on D, I, and iV; with respect to 
these valuations, let E = gr(D), I = gr(I), and N = gr(iV). These are graded division rings, with Eo = D, 
lo = I ~ A(Eq/Tq, cr, u, b), and = N = D = Eq. Moreover, as D, I, and N are each tame over F, it 
follows by [HwW 2 , Prop. 4.3] that T is the center of E, I, and N, and [E:T] = [D:F], [ I : T] = [I:F], and 
[N : T] = [N : F]. Since / is inertial over F, we have I is inertial over T. That iV is DSR means (cf. [JW, 
p. 149], where the term NSR is used) that iV has maximal subfields S and J with S inertial over F and 
J totally ramified of radical type over F. Then, gr(5) and gr( J) are maximal graded subfields of N with 
gr(S') inertial over T and gr( J) totally ramified over T. So, N is DSR. Similarly, E is semiramified since D is 
tame and semiramified. Let Brt(F) be the tame part of the Brauer group Br(F). From the isomorphism 
Br t (F) Br(T) given by [HwW 2 , Th. 5.3], we obtain E ~ 5 I ® T N from D ~ / ® F N. Thus, Th. 3.7 
applies to E with the decomposition E ~ 9 I <S>t N> and the assertions of Cor. 3.8 follow immediately as 
SKi(D) ^ SKi(E) by [HW X , Th. 4.8]. □ 

Example 3.9. Take any integer n > 2 and let K be any field containing a primitive n 2 -root of unity uj. 
Let T = K[x,x~ 1 ,y,y~ 1 ], the Laurent polynomial ring, graded as usual by Z x Z with T(^) = Kx k y e ; in 
particular, To = K- (So T = g gr (isT((x))((y))) where the iterated Laurent power series ring K((x))(y)) 
is given its usual rank 2 Henselian valuation.) Take any a, b £ K* such that [K( : ^/a, yfb) :K~\ = n 2 , and 
let E be the graded symbol algebra E = (ax n ,by n ,T) UJ , of degree n 2 . That is, E is the graded central 

2 2 

simple T-algebra with homogenous generators i and j such that i n = ax n , j n ~ = by n , and ij = ujji, and 
deg(t) = (i 0), deg(j) = (0,i). Then, T E = (£Z) x (Iz), and E = K^x" 1 , j n y~ l ) K{tfE, ^6). 
Since Eq is a field, by Lemma 2.2(h) E is a graded division ring, which is clearly semiramified. We can 
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write Eo = L\ <S>k L2 where L\ = K(tfa) and L2 = K(yb), and H = Gal(Eo/-K") = (o"i) x (02) where 
(7i (^o) = u} n lfa, at(Vb) = \[b and a 2 (tfb) = u n tfb, a 2 (^) = ^fd. Since intCr 1 )^ = ffi and 
int(z) I e = £72) we can express E as a graded abelian crossed product with y\ = j _1 and y 2 = i, obtaining 
E = A(T(aJ/o, a/6)/T, cr, u, d), where uu = U22 = 1, U12 = ui, U21 = w -1 , and d\ = l/{yy/b), di = Xyfa. 
Graded symbol algebras satisfy the same multiplicative rules in the graded Brauer group as do the usual 
ungraded symbol algebras in the Brauer group. (This follows, e.g., by the injectivity of the scalar extension 
map Br(T) -> Br(g(T)), cf. [HwW 2 , p. 90].) Thus, in Br(T), we have 

E ~ 9 (a, b, T) u ® T (x n , b, T) w ® T (a, y n \ T) u ® T (x n , y n , T) w 
~ 9 (a, b, T) w T (x, &, T) w n (gi (a, y, T) w n . 

(The last two terms are symbol algebras of degree n.) Thus, E ~ 9 I ®j N where I = (a,b,T) u and 
N = (x,6,T) w n ® T (a,y,T) w «. Then, I ^ 3 l ®t T, where l = (o,6,T ) w = A(K(tfa, yfb) /K, a, u,b), 
with the same u as for E and 61 = 1/ tyb, b 2 = tfa. So, I is an inertial central simple graded T-algebra. We 
have No is the field K^^fa, Vb), so N is a graded division algebra by Lemma 2.2(h). N is DSR since it has 
the inertial maximal graded subfield T(yfa, \fb) = NqT and the totally ramified maximal graded subfield 
T(yfx, tfy). As a graded abelian crossed product, N = g A(T({/a, \/b)/T,(T, l,c), where c\ = 1/y, C2 = x. 
Let M = K( {/a, \fb ) . By Prop. 3.2, 

SKi(N) ^ H~ l {H, M*) ^ Bi(M/K)/Dec(M/K), 

where H = GsX{M/K) and Dec(M/K) = Br(K(^a)/K) • Br(K( \/b)/K); but, by Th. 3.7, 

SKi(E) ^ H- x {H,M*)/tjm(u])) * Bv(M/K)/[Bec(M/K) ■ ([(a,b,K) u ])]. (3.15) 

This example is the graded version of Platonov's example in [P 3 ] and [Pi] of a cyclic algebra with 
nontrivial SKi, where if is a suitably chosen global field. (Platonov worked with the Henselian valued 
ground field K' = K((x))((y)) in place of the graded field T = gr(K') considered here.) In [P4, Th. 2] the 
added term distinguishing SKi(E) from SKi(N) is omitted. This error is corrected in [Y5, p. 536, footnote 1] 
and in [Eo, p. 70], giving the first isomorphism of (3.15) but not the second. 

4. Unitary graded I ® N decomposition 

The goal for §§4-7 is to give a unitary version of the formulas for SKi in Prop. 3.2 and Th. 3.7 for 
semiramified graded division algebras with graded unitary involution. In this section we consider abelian 
crossed products with unitary involution and prove a unitary analogue to the I <g> N decomposition of 
Prop. 3.5. 

A unitary involution on a central simple algebra A over a field if is a ring antiautomorphism r of A 
such that t 2 = id/i and t\k 7^ id. (Such a r is also called an involution on A of the second kind.) 
Let F = K T = {ceK\ r(c) = c}, which is a subfield of K with [K : F] =2 and K Galois over F with 
G&\{K/F) = {t\k, idx}- Our r is also called a unitary K / F -involution. The unitary SKi(^4,r) is defined 
just as for SKi(£>,r) in (1.1). Recall (see [KMRT, Prop. (17.24)(2)]) that if r' is another unitary K/F- 
involution on A, then SKi(A,t') = SKi(^4,r). Thus, we will freely pass from one unitary K /i^-involution 
on A to another when convenient. 

In the unitary setting generalized dihedral Galois groups often arise where abelian Galois groups appear 
in the nonunitary setting. A group G is said to be generalized dihedral with respect to a subgroup H if 
\G : H\ =2 and for some 0£G\H,8 2 = 1 and OhQ~ l = h~ l for every h £ H. Equivalently, every 
element of G\H has order 2. See [HW T 2, §2.4] for some remarks on such groups. Note that H is necessarily 
abelian. If H is cyclic, we say that G is dihedral. (This includes the trivial cases where \H\ = 1 or 2.) For 
fields F C K C M, we say that M is K / F -generalized dihedral if \M : F] < 00, M is Galois over F, and 
G = G&l(M/F) is generalized dihedral with respect to its subgroup H = G&\(M/K). 
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Lemma 4.1. Let F C K C M be fields, and suppose M is K / F -generalized dihedral. Let A be a central 
simple K -algebra containing M as a strictly maximal subfield. Let G = G&\(M/F) and H = Gal(M/K), 
and fix any 9 G G\ H (so 9 2 = idjvf )- Then, the following conditions are equivalent: 

(i) A has a unitary K / F -involution. 

(ii) A has a unitary K / F -involution r such that t\m = 0. 

(iii) A = A(M/K, cr, u, b) where (in addition to conditions (3.1) and (3.2)) 

Uij ■ o~iO~j6(uij) = 1 and bi = 6 (pi) foralli,j. (4.1) 

The A in (iii), has a unitary K / F -involution r with t\m = & an d T~(zi) = Zi for each of the standard 
generators Zi of A. 

Proof. Note that as 9 £ H and K is Galois over F, we have 9(K) = K and Gal(K/F) = {idx, 9\ K }. 

(i) =>• (ii) This is a special case of a substantial result [KMRT, Th. 4.14] on simple subalgebras with 
compatible involutions. For the convenience of the reader we give a short direct proof. Let p be a unitary 
if/F-involution on A, so p\x = 0\k- Since p9 is a If -linear homomorphism M — > A, by the Skolem-Noether 
Theorem, there is y G A* with int(y)|M = P&- For any a G M, as p 2 = 8 2 = id \m, we have 

p{y)ap(y)~ 1 = p{y~ x p{o)y) = p(p#)~V( a ) = p%) = y«y _1 - 

Therefore, letting c = y~ l p(y), we have c G Ca(M)* = M* and p(y) = yc. Hence, 

V = P 2 (y) = P(yc) = p(c)yc = p(c)pO(c)y = p(c0(c))y; 

so, c9(c) = 1. Since Q 2 = id |m, by Hilbert 90 applied to the quadratic extension M/M e there is d G M* 
with c = d9(d)~ l . Let z = yd. Then, as 0(c) = 9(d)d~ l , 

p(z) = p(d)yc = p(d)p6(c)y = p6(d)y = yd = z. 

Let r = /3oint(z), which is an involution on A, as p(z) = z. Then, t\m = p'w&(z)\m = P^(y)\M = p 2 G = 9, 
as desired. 

(ii) => (iii) Let r be a unitary if/F-involution on A such that t\m = 6- For any a € H, we claim that 
there is z G A* with int(z)|jvf = a and r(z) = z. For this, first apply Skolem-Noether to obtain y G A* 
with int(y)|j\/ = cr. For any a G M we have, as rcr _1 r = a on M since tct - 1 1 A / G G\H, 

r(y)ar(y)~ 1 = r(y~ 1 r(a)y) = Ta~ l T(a) = a(a) = gay' 1 . 

Hence, r(y) = cy, where c G Ca(M)* = M*. Now, 

2/ = r2 (y) = T~(cy) = r(y)r(c) = cy9(c) = ca9(c)y, 

so ca9(c) = 1. Since cr# has order 2, Hilbert 90 applied to the quadratic extension M/M aS shows that 
there is d G M* with c = da8(d)~ l . Let z = dy. Then, \tA(z)\m = mt(y)|^/ = a and 

r(z) = cy8(d) = [da9(d)~ 1 ]a9(d) y = z, 

proving the claim. Thus, with our cyclic decomposition H = (cri) x . . . x (aj-), we can choose z±, . . . , Zk G A* 
with int(zj)|M = <Xj and r(zi) = 2j. Then, for 6j = zp G M*, we have = r(&i) = r(z r i i ) = 6j. Also, for 

Ujj = ZiZjZ~[ ^7 , we have 

CTiO-j9(Uij) = Z i ZjT(z i ZjZ~ 1 Z~ 1 )z~ 1 Z~ 1 = Z i Zj(zJ 1 Z^ 1 ZjZ i )z~ 1 Z^ 1 = ZjZiZ^Z' 1 = u~y, 

so Uij GiGj9(uij) = 1. Thus, A = A(M/K, a, u, b) with the iijj and 6j satisfying the equations in (4.1). 

(iii) (i) Assume A = A(M/K, a, u, b) where the and 6j satisfy the conditions in (4.1). Take 
z\,...,Zk G A* with int(zj)|Af = cr, = &, and ZiZjZ~ 1 z~ 1 = u^. We show that there is a unitary 
if/F-involution r on i satisfying (and determined by) t\m = 9 and r(zi) = Zi for each i. Basically, this 
is a matter of checking that the r just described is compatible with the defining relations of A. Here 
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is a more complete argument, based on the description of A{M/K,ai,Uij,bi) given in the proof of [AS, 
Th. 1.3]. First, take any ring B with an automorphism a, and let B[y;a] be the twisted polynomial ring 
{^2 c iV l I c i G B} with the multiplication determined by yc = cr(c)y for all c £ B. It is easy to check that 
an involution p on B extends to an involution p' on B[y; a] with p'(y) = y iff crpa = p. Also, for d E B*, an 
automorphism rj oi B extends to an automorphism 7/ of B[y;a] with i]'(y) = dy iff int(c£)<7?7 = rja. Here, 
let B = M, Bi = B [yr, ■ ■ ■ , B t = B^i[y t ; a* e ], . . . , B k = B k ^[y k ; a* k ], where a{ = 01 and for £ > 1, 
the automorphism a\ of B^\ is defined by ct||m = an and o\{yi) = uuyi for 1 < i < I. (One checks 
inductively using the identities in (3.1) that for 1 < % < I — 1, cr| satisfies int(t%)(7*cr| = cr|cr* on 
hence cr^ extends from -Bj_i to -E^; thus, cr| is an automorphism of B^-i-) Define inductively involutions t% 
on Bi by t = 9 and for £ > 0, r^|s f _ 1 = and r^(y^) = 7/^. Given r^_i, the condition for the existence 
of ti is that o*gTi—\a\ = Tg_\. For this, note first that (j\Tn_\a\\M = cr^Oai = 9 = T£-i\m as G is generalized 
dihedral. Furthermore, for 1 < i < £, 

Gln-xa}(yi) = oln-xiunyi) = at(yi9{u^) = al[a l 6(u H )y i ] = [a e aie(uii)]uiiyi = y t = T£-i(yi). 

Thus, oVti-\(T*q agrees with r^_i throughout Bp_i, as needed. By induction, we have the involution r k 
on B k . As pointed out in [ \S, p. 79], A = B k /I, where I is the two-sided ideal of B k generated by 
{yp —bi \ 1 < i < k}. Since r k (bi) = 9 {pi) = bi, r k maps each generator of / to itself. Therefore, T k induces 
an involution r on A = B k /I which clearly restricts to 9 on M; so r is a unitary X/F-involution on A. □ 

We write Bi{M/K; F) for the subgroup of Br {M/K) of algebra classes [A] such that A has a unitary 
K/F- involution. By Albert's theorem [KMRT, Th. 3.1(2)], ~Br{M/K; F) is the kernel of the corestriction 
map corx~>F : Bt{M/K) — > Br{M/F). For M a K/F-generalized dihedral extension of F, as above, 
there is in addition a corresponding subgroup of Dec{M/K). For this, note first that for any field L with 
K C L C M and L cyclic Galois over K, say G&\{L/K) = (a), L is K / F-dihedr&l, so Lemma 4.1 (with 
k = 1) implies that Bi{L/K;F) = {[{L/K,a,b)] \ b £ F*}. For H = Gal{M/K) = (<n) x . . . x (<j fc ) and 
(xi, . . . , Xk) the base of X{M/K) dual to (<ti, . . . , 0*^), and the fixed field of ker(x«), as at the beginning 
of §3, define 

Dec{M/K; F) = {[(Li/K,cri,bi) ®k ■ ■ ■ ®K (L k /K,cr k , 6 fe )] | each bi G F*} C Br(M/A';F)}. (4.2) 

Note that 060(71^/^; i 7 ) is generated as a group by the image under the cup product of H 2 {H,Z) x F*. 
Thus T)ec{M/K;F) is independent of the choice of cyclic decomposition of H, and we have analogously 
to (3.5), 

k 

Bec{M/K;F) = f\ Br(L i /A'; F) = f\ Bt(L/K; F). (4.3) 

i=l KCLCM 

Gal(L/K) cyclic 

For the rest of this section we fix a graded field T and a graded subfield R C T such that [T : R] = 2 
and T is inertial and Galois over R. Let ip be the nonidentity graded R- automorphism of T, and let ipo be 
the restriction V|t - Thus, Tj = Tr, [To : Ro] = 2, T = g Tq <8>r R, To is Galois over Ro, and tp on T 
corresponds to ipo <g> idR on To ®r R. We are interested in central simple graded T-algebras A with graded 
unitary T/R-involutions r. This means that r is a degree-preserving ring antiautomorphism of A with 
t 2 = idA and the ring of invariants T T = R; the last condition is equivalent to t\j = tp. Suppose now that 
A is a graded division algebra. Set r = t|a , which is a unitary involution on A , as 7o|t = ^0 7^ id 
and To C Z(Aq). Just as for any graded division algebra, Z(Aq) is abelian Galois over To- But the 
presence of the involution r implies further that Z{Aq) is actually To/Ro-generalized dihedral, by [HW2, 
Lemma 4.6(h)]. 

A central graded division algebra N over T is said to be decomposably semiramified for T/R (abbreviated 
DSR for T/R) if N has a unitary graded T/R-involution r and a maximal graded subfield M inertial over T 
and another maximal graded subfield J with J totally ramified over T and r(J) = J. When this occurs, N is 
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semiramified with No = Mo, a field, which as just noted is To/Ro-generalized dihedral. Also, Tn = Tj and 
@n induces an isomorphism Tm/Fj = Gal(No/To). Furthermore, as M = MoT = NoT, we have r(M) = M. 

Example 4.2. Let L be any cyclic Galois field extension of To with L dihedral over Ro- (That is, L is Galois 
over R and there is 9 G Gal(L/R ) \ Gal(L/T ) with 9 2 = id L and 9h9~ x = h~ x for every h G Gal(L/T ). 
Thus, the group Gal(L/Ro) is either dihedral or isomorphic to Z/2Z or Z/2Z x Z/2Z.) Let r = [L:To], and 
take any b G R* with the image of deg(5) having order r in Tj/rTj. Take any generator a of Gal(L/To), 
and let a denote also its canonical extension a <g> idj in Gal((L (g>-r T)/T). Let 

N = ((L (8>t T)/T, a, b), a cyclic graded algebra over T. 

We show that N is a central graded division algebra over T of degree r, and N is DSR for T/R. For, 
letting LT denote L®j Q T, note that LT is a graded field which is inertial over T and is Galois over T with 
Gal(LT/T) = (a). Our N is ©£lo LTz' 1 , where zcz~ l = cr(c) for all c G LT, and z r = b, with the grading 
on N extending that on LT by setting deg(z) = £ deg(6). A graded cyclic T-algebra is always graded simple 
with center T. Note that for j G Z, if j deg(6)/r G T^j = Tj, then j deg(6) G rTj, so by hypothesis r \ j. 
Hence, 

r-l 

N = E( LT )-ideg(fe)/r^ = (LT) = L. 
i=0 

Since Nq is a division ring, the simple graded algebra N is a graded division ring, by Lemma 2.2(ii). Also, 
as [LT:T] = [L:To] = r = deg(N), LT is a maximal graded subfield of N which is inertial over T. Take any 
8 G Gal(L/Ro) with 9\j = ipQ, and let 9 denote also its canonical extension #<g>id |r to Gal(LT/R). Define 
a map r : N — > N by 

riEciz') = Ez'eia) = x>^( Ci y. 

i=0 i=0 i=0 

Since 6\j = tp, 9 2 = id, and 6a9~ l = a^ 1 (as L is To/Ro-dihedral), it is easy to check that r is a graded 
T/R- involution of N. Moreover, if we let J = 0^ Tz l = T[z], then J is a maximal graded subfield of N, 
and the hypothesis on deg(6) assures that J is totally ramified over T; also r(J) = J. This verifies that N is 
DSR for T/R. Note that N = L and T N = (I deg(6)) + r T . 

Lemma 4.3. Let N and N' be graded division algebras which are each DSR for T/R. Suppose No and N 
are linearly disjoint over Tq and Tn D T^i = Tj. Then, N (gij N' is a graded division algebra which is DSR 
for T/R. Also, (N ® T N')o = N ®t K and r N^ T N' = T N + T N /. 

Proof. Let B = N (gij N', which is a central simple graded T-algebra, since this is true for N and N' by 
[HwW2, Prop. 1.1]. For each 7 G Tj choose a nonzero t 7 G T 7 . Then, 

B = £ N 7 T() N'_ 7 = £ No^^ToNot" 1 = N ®t N . 
7er N nr N , 7 Gr T 

The linear disjointness hypothesis assures that Bo is a field, and hence B is a graded division ring, by 
Lemma 2.2(h). Moreover, by dimension count BoT is a graded maximal subfield of B which is inertial 
over T. Let r be a graded T/R-involution of N, and let J be a graded maximal subfield of N with r(J) = J. 
Take t' and J' correspondingly for N'. Then, JJ' = J ®j J' an d r <g> t' is a graded T/R-involution on B 
with (r ® t')(JJ') = JJ'. Moreover, JJ' is a maximal graded subfield of B by dimension count, and, as 
Tj n Ty = Tfj n Tn/ = Tj, we have 

|rjj>:r T | > |Tj + Tj, :r T | = |r j: r T | • |rj/:r T | = [J:T]-[J':T] = [JJ'iT]. 

Hence, JJ' is totally ramified over T. Thus, B is DSR for T/R. □ 

The next proposition shows that all graded division algebras N which are DSR for T/R are obtain- 
able from those in Ex. 4.2 by iterated application of Prop. 4.3. This justifies the term "decomposably 
semiramified" for such N. 
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Proposition 4.4. Let N be a graded division algebra which is DSR for T/R. Take any decomposition 
No = L\ (8>To ■ ■ ■ ®T Lk with each Li cyclic Galois over To, and choose correspondingly 
<ri . . . ,<7fc € Gal(N T/T) = Gal(N /T ) such that o^Lj = id whenever j ^ i and Gal(Lj/To) = (fiUi) 
for each i. {So Gal(NoT/T) = (o~i) x . . . x (o~k).) Let r% be the order of o%. For each i choose 7$ G Tn wii/i 
©n(7i) = a %- Then, there exist b± f . . . , by. G R* such that deg(6j) = r^i and 

N ^ g (L 1 T/T ) <7i,6 1 )®t---®t (ifcT/T,o- fc> 6 fc ) = 5 A(N T/T, <r , 1, b). 

Proof. Since N is DSR for T/R, there is a graded T/R- involution r of N and a maximal graded subfield J 
of N with J totally ramified over T and r(J) = J. As noted earlier, we have Tj = Tn. Since r is a graded 
automorphism of J of order 2, the fixed set S = J r = {a G J | r(o) = a} is a graded subfield of J with 
2 = [J : S] = [Jo : So] |Tj : Ts|. Since So n To = Ro ^ To = Jo n To we have So ^ Jo, so [Jo : So] = 2, and 
hence Tg = Tj (= Tn). Thus, for each i there is a nonzero X{ G S 7i , and for any such Xj, int(xj)|i\i T = cr, 
as Gn(7«) = <?i. Let &i = G S*. Then, N (deg(&i)) = = id, so deg(&i) G ker(G|\i) = T T ; 
hence, 6, G Jdog(bi) = Td eg (b i ) as J is totally ramified over T. Therefore, b G S* n T = R*. Let Q be 
the graded T-subalgebra of N generated by Lj and Xj. Since int(xj)|i i T = fiUiT) there is a graded 
T-algebra epimorphism (LjT/T, Cj, 6j) — >■ Q, which is a graded isomorphism as the domain is graded sim- 
ple. Since the Xi all lie in the graded field S and Ci|l -t = id for j ^ i, the distinct Q centralize each 
other. Hence, there is a graded T-algebra homomorphism (L\T/J, 07, 61) ®t • • • ®t C^feT/T, 07, &&) — > N 
which is injective as the domain is graded simple, and surjective by dimension count. Clearly also, 
(LiT/T, en, 61) ® T . . . ®t (LkT/T, <T k , b k ) = 9 A(N T/T, a, 1, b). □ 

Proposition 4.5. Let E be a semiramified central graded division algebra over T, and suppose E has a 
graded T /R-involution, where T is inertial over R. Then, Eo is To/Ro- generalized dihedral and 

(i) E ~ 5 I ®t N in Br(T) /or some T '-central graded division algebras I and N wii/i I inertial and 
N DSR for T/R. 

(ii) Tafce any decomposition T ~ 9 I'i^tN' i? 1 Br(T) wii/t graded T -central division algebras \' and N' mi/t 
I' inertia? and N' D5fi for T/R. T/ien, N' = E , r N / = T E , 9 N > = ©E, and [l' ] G Br(E /T ; R ). 
Furthermore, l' is uniquely determined modulo Dec(Eo/To; Ro)- 

Proof, (i) Since E is semiramified, EoT is an inertial maximal graded subfield of E. Moreover, as E has 
a graded T/ R-involution, Eo is To/Ro-generalized dihedral, by [HW2, Lemma 4.6(h)]. Because E has an 
inertial graded maximal subfield, it is a graded abelian crossed product: Say Eo = L\ ®j . . . ®t Lf., 
where each field Li is cyclic Galois over To (so dihedral over Ro). Then G = Gal(EoT/T) = Gal(Eo/To) 
has a corresponding cyclic decomposition G = (a\) x . . . x (ak), where each a^L^T = id for j / i, and 
o~i\L{Y generates Gal(LjT/T). Let rj = |(ci)| = [LjiTo]. By Lemma 3.4, E = A(EoT/T, cr, u, b) where each 
Uij G Eq, bi G E T*, ^ deg(6j) + T T has order r.j in r E /r T , and 

r E /r T = deg(6i) + T T ) x . . . x (i deg(6 fc ) + T T ). (4.4) 

So, deg(6j) G rE T = Tj = Tr and the image of deg(frj) has order rj in Tj/riTj. For each i, choose Cj G R* 
with deg(cj) = deg(6j). Let 

N = Ci <8>t • • • ®T Cfc, where each Q = (LjT/T, o"j, Cj). 

By Ex. 4.2 each Cj is DSR for T/R with (Q)o ^ L, and T Cl = (^deg(cj)) + T T = (^deg(oj)) + T T . It 
follows by induction on k using Lemma 4.3 and (4.4) that N is a graded division algebra which is DSR 
for T/R. Choose Z{ G C* with int^^^T = o~i and z r ^ = c^. Then, when we view z% G N*, we have 
int(zj) = Oi on all of NoT. Since further z%Zj = ZjZi for all i,j, our N is the graded abelian crossed 
product N = A(EoT/T,ct, l,c). For its opposite algebra N op we then have N op = g A(EoT/T, <r, l,d) where 
each di = c~ l . Let I = A(EqT/T, cr, u, e) where each = bidi = frjc" 1 G Eq. The and 6, satisfy 
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conditions (3.1) and (3.2), as do the Cj with the corresponding Uij = 1; hence the Uij here and satisfy 
(3.1) and (3.2); also, deg(ujj) = for all So, I is a well-defined graded abelian crossed product. By- 
Remark 3.3, we have I ~ 9 E ®t N op . There are homogeneous Xi,...,x k G I * such that int(xj)|E T = fi> 
= e{, and XiXjX^ xj = Uy for all Then, deg(xj) = ^-deg(ej) = 0; hence, deg(rr 1 ) = for each 

i G J = nti{0, 1, 2, • • • , n - 1}. Thus, in T = 0j e3 EoTx 1 we have T = © ie3 Eox 1 ^ A(E /T , <r, u, e), 
which is a central simple To-algebra with dimj ( lo) = [Eo :To] 2 = dimj ( !)• Hence, I is inertial over T. 
Since I is simple, by Lemma 2.2 I = g Mg(\) for a graded division algebra I with lo — M^(lo). Then, 
[lo : To] = ^dimj ( lo) = ji dimj (l) = [I :T], showing that I is inertial over T. Since I ~ 5 I, we have 
in Br(T), 

[E] = [EHN]- 1 ^] = [E® T l\l op ][N] = [T][N] = [l][N] = [l® T N], 
i.e., E ~ 9 I ®j N, proving (i). Also, N has a graded T/R- involution tn, which is also a graded involution 
for N op , and E has a graded T/R-involution te- So, t = te ® tn is a graded T/R-involution on I , and 
ro = t|-j- is a To/Ro-involution on lo- So, in Br(To) we have [lo] = [lo] G Br(Eo/To; Ro)- 

(ii) Take any decomposition E ~ 9 l'®N' as in (ii). Since I' is inertial and E is the graded division algebra 
with E ~ 9 I'tgijN', Cor. 2.3 yields E ~ l ®T No and E o = z ( E o) = Z(U' Q ) = N' , so E splits l ; furthermore, 
Te = and Ge = On'- We now use the bi, Ci, N, and I of part (i). Because N' is DSR with N = Eo 
and 0n'(^ deg(cj)) = ©e(^t deg(6j)) = cij, by Prop. 4.4 there exist c^, . . . , d k G R* with deg(c^) = deg(cj) 
such that N' ^ g A(E T/T, cr, l,c'). Let B = A(E T/T, a, 1, f) where each /, = ad' 1 G R^. So, in Br(T), 
B r^ g N (gij N /op ~ 5 I' (gij l op - Because deg(/j) = for each i, the argument for I in (i) shows that B is 
inertial over T with 

B ^ A(Eo/T 0j «r,l,f) = (L 1 /T Q ,a 1 ,f 1 )®T -'-®T (L k /T ,a k ,f k ). 

Thus, [Bo] G Dec(Eo/To; Ro), as each /j G Rq (see Ex. 4.2). Let C be the graded division algebra with 
C ~ 9 B ~ 9 I' <S)j l op . Since Bo is simple and I' is inertial, Lemma 2.2 and Cor. 2.3 yield Co ~ Bo and 
Co ~ (I' ® T l op )o = I'o ®T Iq P ; so, in Br(T ), 

[l' ] = [Co] [lo] = [B ] [ lo] = [Bo] [To] G Br(E /T ; R ). 

Since [Bo] G Dec(Eo/To; Ro), we have l = lo (mod Dec(Eo/To; Ro))- This yields the uniqueness of l' 
modulo Dec(Eo/To; Ro) independent of the choice of decomposition of E as I' ®t N'. □ 

Remark 4.6. The I <g> N decomposition described in Prop. 4.5 for E semiramified actually holds more 
generally for E inertially split (with graded T/R-involution), i.e., when E has a maximal graded subfield 
inertial over T. One then has No = Z(Eq) and lo <8>~r Z(Eq) ~ Eo- See [JW, Lemma 5.14, Th. 5.15] for the 
nonunitary nongraded Henselian valued analogue of this. 



5. Galois cohomology with twisted coefficients 

Where H (H, M*) occurs in formulas for SKi as in §3, analogous formulas for the unitary SKi involve 
H~ l (G, M*) for a twisted action of G on the multiplicative group M* . In this section, we recall the relevant 
twisted action, and give some calculations concerning H~ l which will be used later. The cohomology with 
twisted action also allows us to give a new interpretation of Albert's corestriction condition for an algebra 
to have a unitary involution, see Prop. 5.1 below. 

Let G be a profinite group with a closed subgroup H with \G : H\ = 2. From the mappping 
G/H ^> Z/2Z ^> Aut(Z) we obtain a nontrivial discrete G-module structure on Z for which for g G G, 

jez, 

f J, if 9 G H, 
9 * J = 1 • -t A rr 
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Let Z denote Z with this new G-action. Then, for any discrete G-module A we have an associated discrete 
G-module A = A ®i Z. That is, A = A as an abelian group, but the G-action on A (denoted by *, while 
• denotes the G-action on A) is given by 

{q ■ a, if q G H, , 
y y for all g G G, a G A. (5.1) 

-g-a, if g H, 

So, the actions of H on A and on A coincide, and A = A as G-modules. The cohomology of such modules 
is discussed in [AE, Appendix], [KMRT, §30. B], [HKRT, §5]. Notably, there is a canonical short exact 
sequence of G-modules 

0^1^ Ind H ^ G (A) — > A — > 

Since Shapiro's Lemma says that iF(G, Indite? (A)) — H l (H,A) for all i G Z, this yields a long exact 
sequence of Tate cohomology groups: 

... — > IP _1 (G,^4) — >-fP(G,l) — > H l (H,A) — »• iF(G,A) — »• iF +1 (G,l) — >■ ... (5.2) 

(This is stated in [KMRT, (30.10)] and [AE] for nonnegative indices, but it is valid for i < as well.) 
For the trivial G-module Z we have |i? 1 (G,Z)| = 2, as (5.2) shows, and each connecting homomorphism 
5: H l ~ 1 (G,A) —7- H l (G,A) is given by the cup product with the nontrivial element of H l (G, Z). 

We will invoke the twisted cohomology typically in the following setting: Let F C K C M be fields with 
[if : F] = 2, and M Galois over F. Let G = Gal(M/F) and i? = G&1(M/K), which is a closed subgroup 
of G of index 2. Then, M* is a discrete G-module, and M* denotes M* with the twisted G-action relative 
to H described above. Recall that Br(M/if ; F) denotes the subgroup of Br(M/A) consisting of classes of 
central simple if -algebras split by M and having a unitary if/F-involution. 

Proposition 5.1. H 2 (G,M*) ^ Br(M/A;F). 

Proof. Part of the long exact sequence (5.2) is 

iZ^G.M*) — > H 2 {G,M*) — > H 2 (H,M*) ^ H 2 (G,M*) (5.3) 

By Albert's theorem [KMRT, Th. 3.1(2)], for [A] G Br(M/A), the algebra A has a A/F-involution iff 
cor^->F( j 4) is split. Thus, in the isomorphism Br(M/A) = H 2 (H, M*), Br(M/if ; F) maps isomorphically 
to ker (H 2 (H,M*) ^ H 2 (G,M*)). Because H\G,M*) = by the homological Hilbert 90, the exact 
sequence (5.3) above yields the desired isomorphism. □ 

Remark 5.2. Here are formulas for H l (G,M*) for small i, which are easily derived from standard group 
cohomology formulas and (5.2) above. We assume \M : K ] < oo, and let 6 be any element of G \ if. So, 
Gal(if/F) = {id K ,9\ K }. We write b 1 " 9 for b/9(b). 

(i) ^(CM*) ^ F*/N K/F (K*) H°(Gal(K/F),K*). 

(ii) H°(G,Af*) {c G K* | N K/F (c) = 1}. 

(iii) H°(G, M*) * {c G K* | A K/F (c) = 1} / {ATm/kM 1 -" I m G M*} 

= {b l ~ e | 6 G K*} I {N M/K {mf- e | m G M*}. 

We will be working particularly with H~ 1 (G, M*). For this, let N: M* — > K* be given by 
N{m) = Y\9*m = ft h(m) • (^(m)" 1 = N M/K (m) /9(N M/K (m)). 

g&G h&H 

So, A is the norm map for M* as a G-module. Note that 

ker(A) = {m G M* | N M/K (m) G F*}. (5.4) 
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Also, let 

I G {M*) = ((g* m)m _1 | m G M*,g G G) = (h(m)/m, h9(m)m \ m G M* ,h G H). (5.5) 
Then, by definition, 

H- 1 (G,M*) = kev(N)/l G (M*). (5.6) 

In the following useful lemma, part (ii) is an abstraction of an argument of Yanchevskh [Y3, proof 
of Cor. 4.13]. 

Lemma 5.3. Let D be a finite dihedral group, i.e., D = (h,9) where 9 2 = 1, 9 7^ 1, and 9h9 _1 = h , 
and h has finite order. Let H = (h). Let A be a D -module such that H l (H,A) = and H l {{9) , A H ) = 0. 
Let A e = {a G A \ 9 ■ a = a} and iV#(a) = YlheH ^' a - Then, 

(i) A H + A e = {a G A I a - 9-a G A H }. 

(ii) A e + A he = {a G A I N H {a) G A 9 } = A" + A eh . 

(hi) TTie map cox^^ D x cor; M \^ D : .ff _1 ((0), A) x i? _1 ((/t#), A) — >■ # _1 (L>,yl) is surjective. 

Proof, (i) We have the short exact sequence of (0}-modules — >■ A^ — >• A — > A/A H — > 0. Since 
H 1 ^}, A H ) = 1, the long exact cohomology sequence shows that A e maps onto (A/A H ) e , which yields (i). 

(ii) Note that for a G A, N H (9-a) = Y.keH( k6 )- a = Y.k&H( 0k ~ l ) ' a = 0-N H (a). The left inclu- 
sion C in (ii) follows immediately. For the inverse inclusion, take a G A with Njj(a) G A e . Then, 
N H (a-9-a) = N H (a) - 9-N H (a) = 0. Since H l (H,A) = 0, with H = (h), there is c G A with 
a — 6-a = c — h-c. So, 

= a -9-a + 9-(a-9-a) = c - h-c + 9-c - (9h)-c 

= c- h-c+ (h9h)-c- (9h)-c = [c - (8h)-c\ - h-[c - (6h)-c\, 

i.e., c— (9h)-c G A H . Since the group action of (9h) on A H coincides with the action of (9) on A H , we have 
H l ((8h),A H ) = H l ((9),A H ) = 0. Therefore, part (i) applies, with 9h replacing 9. Thus, we can write 
c = d + e with d G A H and e G A eh , hence 9-e = h-e = (h9)-(9-e). Now, as d = h-d, 

a — 9-a = c — h-c = e — h-e = e — 9-e, 

showing that a + 9-e G A e . Thus, a = [a + 9-e] — 9-e G A + A he , completing the proof of the first equality 
in (ii). Since 9h = h~ l 9, the second equality in (ii) follows from the first by replacing h by h -1 . 

(hi) We have H^((9),A) A e /{a + 6-a \ a G A}, H- l ({hJB),A) = A he / {a + (h9) ■ a \ a £ A}, and 

H~ l (D, A) ^ {a G A I JVff(a) G A e } /(a - fc-a, a + (*;(?) -a | a G A, k€ H). 

The map cor^)^: H~ l ((9),A) -> H~ l (D, A) arises from the inclusion i e ^-y {a £ A | iVff(a) G A 61 }; like- 
wise for cor/^D : H~ 1 ((h9), A) — )• i/ _1 (D,A). Thus, the surjectivity asserted in part (hi) is immediate 
from part (ii). □ 

Proposition 5.4. Let F Q K Q M be fields with [M : F] < 00 and M a K / F -generalized dihedral 
exten-sion. Let G = Gal(M/F) and H = Gal(M/K). Take any 9 G G \ H . Then there is an exact 
sequence: 

]1 H- l ((h8),M*) — > H~ l (G,M*) — ► ker(iV)/n — > 1 (5.7) 

where ker(TV) = {m G M* \ N M / K {m) G F*} andU = U heH M* M . In particular, if M/K is cyclic Galois, 
then ker(iV)/Tl = 1. 
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Proof. Here, M* M = {m G M* \ h8(m) = m}. We have H~\G,M*) °* ker(N) / I G (M*) as in (5.4)-(5.6). 
For any h G H and m G M*, 

m/h{m) = [m-9{m)]/[9(m)-h(m)\ = [m ■ 9{m)]/[9{m) ■ h9(9(m))\ eM* 9 M* M 

and m-hO(m) G M* he . Hence, by (5.5), 

I G (M*) C n M * h9 = n - ( 5 - 8 ) 

Thus, there is a well-defined epimorphism £: H~ l (G,M*) — >■ ker(iV) /n, with ker(£) = H/Ig(M*). Now, 
for h E H, we have H~ l ({h8),M*) M* M J N M/M{M) (M*). So, T^e// H~ l ((h9), M*) clearly maps 
onto ker(C), proving the exactness of (5.7). If is cyclic, then G is dihedral, and ker(iV) = n by 
Lemma 5.3(ii). □ 

Remark 5.5. In the context of Prop. 5.4, suppose H = (hi, . . . ,h m ). Then, the following lemma shows 
that 

11 M* he = n M* h 'i 1 ~ h %' e , (5.9) 

heH (£i,...,e m )G{0,l} m 

so the left term in (5.7) could be replaced by H~ 1 ({h e l 1 . . . h^8), M*). One can see by 

(ei,...,e m )e{0,l}™ 

looking at examples that the product on the right in (5.9) is minimal in that if we delete any of the terms 
in that product, then the equality no longer holds in general. 

Lemma 5.6. Let G = (H,9) be a generalized dihedral group, where H is an abelian subgroup of G with 
\G:H\ =2, 6 has order 2, andOhO = /i" 1 for allh G H. Let A be any G -module. Suppose H — ■ • • , h m *) . 
Then, 

A he = Yl A h ^- hE ™ 6 . 

heH (ei,...e m )G{0,l} m 

Proof. This follows from [HW2, Lemma 4.9] (with A for U, H for the abelian group A and = A he for 
all h e H), once we establish that A he C A ke + A mi ^ e for all h,k £ H. For this, take any a £ A he . 
Then 6{a) = ^ _1 (o). Hence, k 2 h- 1 e(k9{a)) = k 2 h~ l k~ l {a) = k9(a), showing that k6(a) G A k2h ~ H '. Thus 
a = [a + k9(a)\ — k9(a) G A ke + A k h e , proving the required inclusion. □ 

6. Unitary relative Brauer Groups, bicylic case 

In this section we prove a unitary version of the formula Br [M / K) / Bec(M / K) ^ H~ 1 (Gal(M/K), M*), 
for M a bicyclic Galois extension of K, see (3.9) above. The unitary version was inspired by the result of 
Yanchevskh [Y3, Prop. 5.5], which was a key part of his proof in [Y4, Th. A] that any finite abelian group 
can be realized as the unitary SKi of some division algebra with involution of the second kind. 

Let F C K C M be fields with [K : F] = 2 and K Galois over F, and M = L\ ® K L 2 with each L{ 
cyclic Galois over F . Assume M is X/F-generalized dihedral, as described at the beginning of §4. Let 
G = Gal(M/F) and H = Gai(M/K), and choose and fix an element 9 G G\H. So, Gal(K/F) = {9\ K , id K }. 
To simplify notation, let a (not o\) be a fixed generator of Gal(M/L2), and p (not 02) a fixed generator of 
Gal(M/Li); so, H = (a) x (p). Let n = [L\ :K], which is the order of a in H, and let £ = [L2 -K], which 
is the order of p. As in Prop. 5.4, let 

ker(iV) = {a G M* \ N M/K (a) G F*} 

and 

n = UheH M * he = M* e M*p° M* ae M*f ae . (6.1) 
(See (5.9) for the second equality.) 
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Proposition 6.1. We have 

Bv(M/K;F)/Dec(M/K;F) ^ ker(iV)/n. 

Proof. This follows by combining the formulas for unitary SKi given in [Y3, Prop. 5.5] with the Henselian 
version of the formula in [HW2, Cor. 4.11]. However, we give a direct proof avoiding the use of Yanchevskh's 
special unitary conorms, since we will later need an explicit description of the isomorphism. 

Define a map 

Br(M/K;F) — >ker(N)/U 

as follows: By Lemma 4.1, a Brauer class in Br(M/K;F) is represented by an algebra A = A(u,bi,b 2 ), 
where u, 61,62 satisfy the conditions in (3.6) and 61 G L 2 s ,b 2 G L*f , and upo~9{u) = 1. By Hilbert 90 (for 
the group (pa9)), there is q G M* with u = q/po~9(q). Define 

V(A(u,b 1 ,b 2 )) = ?ne ker(iV)/II. 

We will show that ^ is a well-defined, surjective homomorphism with kernel Br(L\/K; F) Br(L-2/K; F), 
which equals Bec(M/K;F) (see (4.3)). 

For the well-definition of first note that 

1 = N M/K (u) = N M/K (q/pa6(q)) = N M/K {q) / N M/K {9{q)) = N M/K (q)/6(N M/K (q)), 

so, q G ker(iV). Also, given u, the choice of q with q/po~9(q) = u is unique up to a multiple in M* pad . Since 
M * P a6 q n q>(A(u, 61, 6 2 )) is independent of the choice of q from u. Now, suppose A(u, 61, 6 2 ) = A(u' , b' 1 ,b' 2 ), 
with u, 61,62 and u' , 6^,6 2 each satisfying the conditions of Lemma 4.1(iii). We have the presentation 
A(u, 61,62) = (Bi=o 0j=o Mx l y j , where int(sc)|jvf = a, x n = b±, mt(y)\ M = p, y l = b 2 , and xyx~ l y~ l = u, 
so, (see (3.6)) 

61 G = L 2 , 6 2 G M<") = L ls iV M/L2 (n) = h/p(h), N M/Ll (u) = a(b 2 )/b 2 . (6.2) 

The conditions of Lemma 4.1(iii) we are also assuming are that 

61 G L21 b 2 G L{, and upa6(u) = 1. (6.3) 

The corresponding conditions in (6.2) and (6.3) hold for 6' l5 b' 2 and u' . By Lemma 4.1, there is a 
i^/F-involution r of A = ^4(u, 61,62) with t|a/ = 9,r(x) = x,r(y) = y. We have an isomorphism 
A(u,bi,b 2 ) = A(u', b'i, b 2 ), and by Skolem-Noether there is such an isomorphism which restricts to the 
identity on M. Therefore, there exist x' and y' in A* such that int(a/)|jif = a, x' n = 6' l5 int(y')\M = P, 
y = 6' 2 , and x'y'x'~ 1 y'~ 1 = u'. Since int(x')|M = int(x)|M there is c\ G Ca(M)* = M* with x' = c\x, 
and likewise C2 G M* with y' = C22/. By simplifying the expressions b' x = {c\x) n , b' 2 = (c 2 y) , and 
u' = {cix)(c 2 y)(cix)~ 1 (c 2 y)~ 1 , we find that 

b[ = N M/L2 ( Cl )b u b' 2 = N M/Ll (c 2 )b 2 , u' = (c 1 /p(c 1 ))(a(c2)/c 2 )u. (6.4) 

By Lemma 4.1, there is a if/F-involution r' on A with r'(x') = x',r'(y') = y', and t'\m = 6. Since r'r" 1 
is a i^- automorphism of A, there exists e G A* with r' = int(e)r. Because t'\m — t |mj e G C^(M) = M. 
The condition that t' 2 = id A implies that e/9(e) G iT*. Since e / 9(e) (9(e/ 9(e))) = 1, Hilbert 90 for K/F 
shows that there is d G K* with d/9(d) = e/9(e). By replacing e by e/d, we may assume that 9(e) = e. 
The conditions that c\x = t'(c±x) = int(e)r(cix) and C2y = r'(c 2 y) = mt(e)T(c 2 y) yield 

ci = a9(c\) e/a(e) and C2 = p9(c2) e/p(e), 

hence, 

p(c\) = pa9(ci) p(e)/pa(e) and cr(c2) = pa9(c 2 ) cr(e)/ pa(e). (6.5) 
The equations (6.5) yield 

ci/p(ci) = (ci/pa9(c 1 ))(pa(e)/p(e)) and cr(c 2 )/c 2 = (pa0(c 2 )/c 2 )(cr(e)/ pa(e)). (6.6) 
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Let q = (ci/c2)cr(e). Then, using (6.6), (6.4) and 9(e) = e, 

q/pa6(q) = (c 1 /pa8(c 1 ))(pa9(c 2 )/c 2 )(a(e)/pa9a(e)) 

= (dMd)) {p(e)/pa(e)) {a(c 2 )/c 2 ) {p*(e)/a(e)) {a(e)/p9(e)) (6.7) 

= (ci/p(ci)) (a(c 2 )/c 2 ) = u'/u. 

When q G M* is chosen so that q/pcr9(q) = u, set q' = qq; then (6.7) shows that q' / po9(q') = u' . We 
check that q G II: We have (see (6.4) and (6.3)) N M / L2 (c\) = b\jb\ G LJ| . Therefore, by Lemma 5.3(h) 
applied to the dihedral group (a, 9) = Gal(M/L e 2 ), c x G M* e M* ad C n. Likewise, c 2 G M* 9 M*p 9 C n as 
Nm/L!^) = b' 2 /b 2 G LJ 61 . Finally, since 6>(e) = e, we have cr(e) = cr6>(e) = cr^cr -1 ^^)) = cr 2 6'(a(e)). So, 
cr(e) G M* CT C II. Thus, q' = q (mod II), which shows that ^ is well-defined independent of the choice 
of presentation of A as A(u, b±,b 2 ) with u, b\,b 2 as in Lemma 4.1(iii). 

For the surjectivity of ^, take any q G ker(iV) and set u = q/po8(q). So, upa9(u) = 1. Furthermore, 

as N M/K (q) G F*, 

N M /k(u) = N M/K (q)/N M/K (pa8(q)) = N M/K (q)/9(N M/K (q)) = 1. 

Since N L2 / K (N M / L2 (u)) = N M / K (u) = 1, by Hilbert 90 for L 2 /K there is bi G L 2 with6i/p(6i) = N M / L2 (u). 
Then, 

h/p(h) = N M/L2 (q)/N M/L2 {pa9(q)) = N M/L2 (q)/ p9(N M/L2 {q)). 

Hence, 

1 = (b 1 /p(b 1 ))p9(b 1 /p(b 1 )) = (b 1 /9(b 1 ))/p(b 1 /9(b 1 )), 
which shows that b\/9(bi) G L 2 = K. By Lemma 5.3(i) applied to the dihedral group Gal(L 2 /F) = {p\l 2 i0\l 2 ), 
it follows that b± = kb\ with k G K* and b\ G L 2 . By replacing b\ with b\, we may assume that b\ G L!jj . 
Likewise, there is b 2 G with N M / Ll (u~ 1 ) = b 2 /a(b 2 ). Then, as u,b\,b 2 satisfy the conditions of (3.6) 
(where u\ = a and a 2 = p) the algebra A(u, b\,b 2 ) exists, and by Lemma 4.1 [A(u, b\, b 2 )] G T5r(M/K; F). 
Clearly, V[A(u, h, b 2 )] = <?II. 

Finally, we determine ker^): If [B] G Bt(L\/K; F) then we can assume that B has L\ as a maximal sub- 
field. Then, by Lemma 4.1, B = (Li/K, a, &i), where 6 X G K* e = F*. Likewise, for any [C] G Br(L 2 /A'; F), 
we have C ~ (L 2 / K, p,b 2 ) for some b 2 £ F*. Then, 

[£?®^C] = [{L^K^b^^K (L 2 /K,p,b 2 )} = [A(IMM)] Gker(^), 

since when it = 1 we can take q = 1. So Br(Li/i^T; F) Br(L2/-ftT; -F) C ker('I'). For the reverse inclusion, 
take any A = A(u,b\,b 2 ) with [A] G ker(^). Since [A] G Br(Af/X; F), by Lemma 4.1 we may assume 
that bi G L* 2 ,b 2 G L* 6 * and upo9(u) = 1. Since, [A] G ker(*), we have u = q/pa9(q) with q G II, so 
q = qeq P 8q*eqp*8, where q e G M* e ,g p(? G M*^, q ad G M*- e , and g pffe G M*P a6 . Thus, 

■U = q/pa9{q) = {qe/pcr(qe)){q P e/cr(q p e)){qae/p(qae)) 

= (qeq P e/o{qeq P e))(qae<?{qe)l ' p{qae<?{qe)) = (c2/cr(c 2 ))(p(ci)/ci), 

where c 2 = qeq p e and c\ = {qae&iqe))^ 1 ■ Then by (3.7), A = A(u,b\,b 2 ) = A(u',b[,b 2 ) where 
v! = {c 1 /p{c 1 )){a(c 2 )/c 2 )u = 1, and b[ = N M/L2 (a)bi and b' 2 = N M/Ll (c 2 )b 2 . Since c 2 G M* e M*P e , an 
easy calculation or an application of Lemma 5.3(h) for the dihedral group Gal{M/L\) = (p, 9) shows 
that N M/Ll (c 2 ) G Lf. Therefore, b' 2 = N M/Ll (c 2 )b 2 G Lf, as b 2 G Lf. But also, as in (6.2), 
a(b' 2 )/b' 2 = N M/Ll {u') = N M/Ll (l) = 1. Hence, b' 2 G Lf n L\ a = K* e = F*. Likewise, as q a9 G M* e 
and a(q e ) G M* CT2e C M* e M* ad (see (5.9)), we have ci G M*® M* a ® . Therefore, an easy calculation or 
Lemma 5.3(h) for the dihedral group Gal(M/L 2 ) = (a, 9} shows that N M / L2 (c\) G L* 2 . So, arguing just 
as for b 2 , we find that b^ G F* . Thus, 

A A(l,b[,b' 2 ) (L 1 /K,*,l/ 1 )® K (L 2 /K,p,l£ i ), 
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and since the b\ G F*, [(Li/K, a, b[)] G Br(L\/K;F) and [(L 2 /K, p,b' 2 )) G Br(L 2 /K;F), by Lemma 4.1. 
Thus, ker(^) = Bi^/K; F) Bt(L 2 /K; F) = Dec{M/K; F). □ 

This yields our unitary analogue to (3.9) above. 

Proposition 6.2. For M bicyclic Galois over K with M K j F -generalized dihedral, setting G = Gal(M/F), 
H = Ga\(M / K) , and 6 any element of G\H as above, there is an exact sequence 

]1 # _1 ((/i0),M*) — ► H^(G,M*) — ► Br(M/K; F) / Bec(M/K; F) — > (6.8) 

heH 

Proof. This follows from Prop. 6.1 and Prop. 5.4. □ 



7. Semiramfied algebras 

We now apply the results of the preceding sections to the calculation of unitary SKi for semiramified 
graded division algebras with graded T/R-involution Throughout this section, fix a graded field T and a 
graded subfield R of T with [T: R] = 2 and T Galois over R, say with Gal(T/R) = {id, tp}. Assume further 
that T is inertial over R. Thus, Tj = Tr, [To : Ro] = 2, To is Galois over with Gal(To/Ro) = {id, V'o}) where 
tpo = V'Itoj an d tp = tpo <8> idR when we identify T with To ®r R. By definition, for a central simple graded 
division algebra B over T with a graded unitary T/R-involution r, the unitary SKi is given by 

SKi(B,r) = e;(B)/E t (B), 

where 

S;(B) = {b G B* | Nrd B (6) G R} and S T (B) = ({b G B*| r(b) = b}) 

We are assuming that T/R is inertial because otherwise T/R is totally ramified and SKi(B,r) = 1, by 
[HW 2 , Th. 4.5]. It is known by [HW 2 , Lemma 2.3(iii)] that [B*,B*] C S T (B), so SKi(B,t) is an abelian 
group. Also, if t' is another graded T/R-involution on B, then E'/(B) = S^_(B) and E r /(B) = E T (B), so 
SKi(B,r') = SKi(B,r). The easy proof is analogous to the ungraded proof given in [Yi, Lemma 1]. 

Let E be a semiramified T-central graded division algebra. So, as we have seen, Eo is a field abelian 
Galois over To, and 0e: T^/Tj — > Gal(Eo/To) is a canonical isomorphism. Suppose E has a graded T/R- 
involution r; so t|t = tpo- We have seen in Prop. 4.5 that Eo is then a To/Ro-generalized dihedral Galois 
extension. Let H = Gal(Eo/To) and G = Gal(Eo/Ro), and let r = t|e G G\H. For each 7 G Te choose 
and fix x 7 G E 7 with x 7 / and r(x 7 ) = x 7 . (Such x 7 exist, by [HWo, Lemma 4.6(i)].) Our starting point 
is the formula proved in [HW2, Th. 4.7] 

SKi(E,r) ^ (E T (E)'nES)/(E r (E)nES) = kev(N)/ (U ■ X), (7.1) 

where 

ker(N) = {aeE*\N Eo/To (a)eR }; 

n = EI E S hT , wher e Eg^ = {a G Eg I hr(a) = a}; 
heH 

X = (x 7 x s x~l s I 7, 6 G T E ) C Eq. 

Note that H maps ker(A^) (resp. II) to itself, so H acts on ker(A^)/II. But this action is trivial since 
Jh (ker(iV)) C I G (Eo*) C n (see (5.8) above). 

Theorem 7.1. Suppose E is DSR for T/R, i.e., in addition to the hypotheses above, E has a maximal 
graded subfield J with r(J) = J. Then, 
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(i) SKi(E, r) = ker(A r )/II, and there is an exact sequence 

II H-H(hT)X *) — > H-\G,Eo*) — > SK 1 (E,r) — ► 1. 

(ii) // Eo = Li ®T ^2 with each Li cyclic Galois over Tg, then 

SKi(E,r) =■ Br(E /To;Ro)/Dec(Eo/T ;Ro). 

Proof, (i) The first formula for SKi(E, r) was given in [HW2, Cor. 4.11]. The point is that the x 7 can all 
be chosen in J; then X C Jg T = R * C II, so the X term in (7.1) drops out. The exact sequence in (i) then 
follows by Prop. 5.4. Part (ii) is immediate from (i) and Prop. 6.1. □ 

Note that Th. 7.1 is the unitary analogue to Prop. 3.2 for nonunitary SKi in the DSR case. 

To improve the formula (7.1) in the manner of Th. 7.1 for E semiramified but not DSR we need more 
information on the contribution of the X term. This contribution is measured by (II • X) /II. For 7 G 
we write 7 for 7 + Tj G T^/Tj. 

Proposition 7.2. There is a well-defined 2-cocycle g G Z 2 (Te/Tj, ker(iV)/n) given by 

3(7 J) = ^x s x~l s n. (7.2) 

This g is independent of the choice of nonzero symmetric elements x 7 , x,5, x 7+ ,5 in E 7 , E$, E 7+( 5. Further- 
more, for all 7, 5 G Te/Tj and k, £ G Z, we /taue 

0(i7 + jM7 + *3) = 5(7 J) A H*ere A = det(^,). (7.3) 

(In particular, 5(7,7) = 111 and 7) = 3(7, <5) _1 .) Moreover, (im(g)) = (il • X) /II, which is a finite 
group. 

Proof. For 7, 5 G Te, set 

c 7,5 — Z-yX&Z^+s t Eg. 

Note that c 7j< 5 G ker(iV), since it is a product of r-symmetric elements of E*. For notational convenience 
we work with the function 

/TexTe^ ker(iV)/n given by /( 7 ,<5) = c^II. 

Thus, g(j,S) = f(*y,S) We first show that the definition of / is independent of the choices made of 
Xj, xs, Xry + $. Fix 7 and 5 in for the moment. Take any a G Eg with r(ax 7 ) = ax 7 . Then, 

ax 7 = r(ax 7 ) = x 7 r(a) = Ge(7)(t(o))x 7 ; so a = 0e(7)(t(o)), i.e. a G Eq 0e ^ t C II. Hence, if we let 
then x^x^x,^ = x^xgx^g (mod IT). Likewise, if we take any b G Eg with r(bxs) = bx$, 

then E (7)(6) G e* 0e(27+5)t C IT so x 7 ^x~^ = e E (7)(^)^ 7 x <5 x 7 +5 = x 7 x <5 x 7 +5 ( mod n )- Again, for 
d G Eg with r(dx J+ s) = dx 7+< 5, we have d G Eq 0e ^ 7+< ^ t q n, so for x 7+5 = dx y+ s, we have 
x^xsx'~_^ s = x^xgx~ +s (mod n). Thus, each such change does not affect the value of 7(7, 5), and we 
are free to make such changes when convenient. 

We prove further identities for the function / which hold for all 7, 8, e G Te and i,j,k,£ G Z: 
(i) /( 7 + M = /( 7 , 5) = /(7, 6 + P) for any /3 G r T . 

For, as Tr = Tj, there is a nonzero a G R/3. Since a G -Z(E) and r(a) = a, we could have chosen 
xs+/3 = axs, and x 7+ 5 + ^ = ax 7+ £. Then, 

f(l + P,8) = (ax 7 )x (5 (ax 7+(5 )~ 1 n = x y x s x~l s n = f(<y,5), 

and likewise /(7, 5 + ft) = f(j,5). This proves (i), which shows that the g of the Prop, is well-defined. 

(fi) fihdi) = in. 
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For, we can choose x^ = xL, Xj 7 = cc 7 , and £i 7 +j 7 = x\ 3 . Then, Cj 7J7 = 1. 

(iii) f(S, 7) = f(j,S)-\ 

For, by applying r to the equation x^xs = c^^x^+S, we obtain 

x s x^ = x-y + sT(c J:S ) = @e(7 + S)(T{c 7jS ))xs + -y, 
yielding cg^ = E (7 + <5)(t(c Tj( 5)), so c<5 j7 c 7j 5 £ ^*©e(7+<5)t ^ j-j Formula (iii) then follows. 

(iv) /(7,5)/( 7 + 5, e ) = /(7,<5 + e)/(<5,e), 

i.e., / G Z 2 (r E ,ker(7V)/II), since T E (acting via e E (r E ) = H) acts trivially on ker(iV)/II. This identity 
follows from (x.yXs)x e = x 1 (x$x £ ), which yields c y> s c y+s,e = @e(7)(c,5, £ ) c 7j( 5 +£ . Then (iv) follows, given the 
trivial action of H on ker(A r )/Il. 

(v) n-y + 6,6) = /( 7 ,5) and /( 77 + <S) = /( 7 , S). 
For, as t(^x 7 x,5) = xsx^xg, we can take x 7+ 2<5 = xgXyX$. Then, 

XfiXtyXg — ^<5,7 CS-\--y,S ^7+2<5 — ^<5,7 ^<5+7,<5 ^5^7^<5. 

Hence, in = /(£, 7 )/(£+ 7 , £), so f(S+ r y, S) = f(5, 7)" 1 = /(7, 5), using (iii). This proves the first formula 
in (v), and the second formula follows analogously, or from the first by using (iii). 

(vi) f(7 + jS,5) = f(j,5) = f(7Jl + S) for all j G Z. 
This follows from (v) by induction on j. 

(vii) fiyyjS) = fin,8f. 
For, by (iv) with j8 for 5 and 5 for e, 

f(lJS)f( 7 + j5,S) = f(7,(j + l)S)f(j5,6), 

which by (vi) and (ii) reduces to f('J,jS)f( r y, 5) = /(7, (j + 1)5). Then (vii) for i = 1 follows by induction 
on j with the initial case j = given by (ii). From the i = 1 case the result for arbitrary i follows by 
using (iii). 

(viii) fii-y+jS, hy+lS) = /( 7 , S) A where A = det ( \{ ) . 
For this note first that this is true if i = 0, as 

f(js,k 7 +£5) = f(s,k 7 +i6y = f(5,k 7 y = f( 7 ,sr jk , 

by (vii), (vi), (vii), and (iii). Analogously, (viii) is true if k = 0. To verify (viii) in general, we argue by 
induction on |i| + \k\. By invoking (iii) and interchanging i-y + jd with k^/ + lb if necessary, we can assume 
|i| < \k\. We can assume \i\ > 1, since the case |z| = is already done. Let 77 = ±1, with the sign chosen 
so that I A; — r]i\ = \k\ — Since |i| + \k — = \k\ < \i\ + |fc|, we have by (vi) and induction, 

fiij + jS^kj + eS) = f(i'y + jS,(k'y+£S)-rj(iy + jS)) = f(ij + j5,(k-r]i)<y + (£-r}j)5) 

= /( 7 , S) A ' where A' = det ( fc V ^ ) = det ( J {) . 

Thus, (viii) is proved, and when (viii) is restated in terms of g, it is formula (7.3). It is clear from the 
definition and well-definition of g that (im(g)) = (n • X)/T1. This abelian group is finite since the domain 
of g is finite, and each g(jy,5) has finite order by formula (7.3). Identity (iv) above shows that / is a 
2-cocycle, so g is also a 2-cocycle. □ 
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Remark. If the finite abelian group T^/Tj has exponent e, then formula (7.3) shows that (im(g)) has 
exponent dividing e. So, we have the crude upper bound |(im((7))| < e' rE / ry . 

We can now prove a formula for unitary SKi of semiramified graded algebras. This is a unitary analogue 
to Th. 3.7 above. 

Theorem 7.3. Let E be a semiramified T '-central graded division algebra with a unitary graded T/R- 
involution t, where T is unramified over R. Take any decomposition E ~ 9 I ®j N where I is inertial with 
[lo] G Br(Eo/To; Ro) and N is DSR for T/R, as in Prop. 4-5 above. Then, 

(i) SKi(E,r) ^ (ker(iV)/n)/(im(#)), where g is the function of Prop. 7.2. If l ~ A(E /T , er, u, b) 
as in Lemma 4-l(iii) with 8 = t\e , then im(<7) is computable from the Uij. 

(ii) If Eo — L\ ®t L2 with each Li cyclic Galois over To, then 

SKi(E,T) = Br(E /To;Ro)/[Dec(Eo/To;R )-([lo])]. 

Proof, (i) Prom (7.1) and Prop. 7.2, we have 

SK(E,t) * (ker(iV)/n)/[(n-X)/n] (ker(iV)/n)/(im( 5 )). 

It remains to relate im(^) to the describing lo- 

We have lo ~ ^4(Eo/To, <x, u, b), as in Lemma 4.1(iii), with 8 = r = t|t - Since N is DSR for T/R 
with N = E and 9 N = 9 E by Prop. 4.5, Prop. 4.4 yields N ^ g A(E T/T, er, 1, c), with each a G R* 
with deg(cj) = r^j for some 7« G Tim = Te with 0e(7i) = 0?- Therefore, by Remark 3.3, 
E ~ 3 E', where E' = A(EoT/T, <x, u, d), with the same u as for lo and each d% = 6jCj G EqR*. So, 
r(dj) = r(cj)r(6j) = Cj&j = biCi = di. Since N is a semiramified graded division algebra and deg(dj) = deg(cj) 
for each i, Lemma 3.4 applied to N and to E' shows that Tp = and E' is a semiramified graded division 
algebra. Therefore, as E and E' are each graded division algebras with E ~ g E', we have E = g E' by the 
graded Wedderburn Theorem. So, we may assume E = E' = A(EoT/T, <x, u, d). Take y±, . . . , y& G E* with 
int(yi)|E T = Vi = <ki and yiVjU^yJ 1 = Now, the graded field EoT is T/R generalized dihedral, 
and 8 = t|e t lies in Gal(EoT/R) \ Gal(EoT/T). Therefore, the proof of Lemma 4.1 (iii) (i) shows that 
there is a graded T/R-involution r' of E with each yi = r'{yi) and t'|e t = Since SKi(E, r) = SKi(E, r') 
we may replace r by r', so each yi = r(yi), while r is unchanged. 

Fix any 77 G T^/Tj, and let a v = Qe^) G H. Take the unique i G J with a 1 = o~ v (notation as 
in §3), let 7 = deg(y') G Te, and set y 7 = y 1 . Since ©e(7) = int(y 7 )|E = @e( 7 ?) and &e - ^e/Tj — > H 
is an isomorphism for E semiramified (see §2), rj = 7 in T^/Tj. Since r(yi) = yi for each i, r(y 7 ) is 
the product of the yt appearing in y 7 but with the order reversed. Hence, the commutator identities 
show that r(y 7 ) = a 7 y 7 where a 7 in Eo is a computable product of the Uy and their conjugates under 
the yt. Since each yiUijyJ 1 = o~e(uij), a 7 is a computable product of terms o~e(uij). (For example, 
Tiyiyzys) = V3V2V1 = [^320" 2 (ii3i)^2i]yiy2y3-) By applying r to the equation r(y 7 ) = a 7 y 7 , we find 

o 7 cr^r(a 7 ) = 1. 

Therefore, from Hilbert 90 for the quadratic extension Eq/Eq vT , there is i 7 G Eq with 

i/y [c^t^)] 1 = a 7 . 

Then, r(i 7 ?/ 7 ) = i 7 y 7 , so for the :r 7 in X we can set x 7 = t 7 y 7 . Now take any £ G Te/Tj and carry 
out the same process for £ as we have just done for n, obtaining 5 G T with S = and 7/5 with 
deg(?A5) = 5 and int(y 5 )| Eo = a c , then determining 0,5, i 5 , x s . Then set y 7+(5 = y^y s , so int(y 7+5 )| Eo = 0>,cr£. 
Let a 7+( 5 = T(y 7+< 5)?/^ 1 ; (5 G Eq. Since a 1 J r $o- n a^T(a 1+ $) = 1, by Hilbert 90 there is t 1+ $ G Eq with 
t~ f +s[o~T]0~(;T(b~ f+ s)]~ 1 = 07+<5- Then set x y+ s = t J+ sy y +Si so that r(x y+ s) = x 1+ &. By the definition of 
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the function g of Prop. 7.2, we have in ker(iV)/n, 

9(v,0 = x y xsx~l s U= (t J y~ f )(t s y6){t J+s y~ f ys)~ 1 Il = t^a r ,(t s )t~l 5 U. 

Since the t's are determined by the a's, which are determined by the Uij, this shows that im(g) is determined 
by the Uy. 

(ii) Suppose now that Eo = L\ ®j L 2 with each Lj cyclic Galois over To, and let a = o\ and p = a 2 , 
as in §6. The isomorphism 

Bt(M/K; F) I Bec(M/K; F) ^ ker(A)/n (7.4) 

of Prop. 6.1 maps [lo] = [A(u, b\, b 2 )\ to qTL, where q G Eq with u = q[pa~r(q)\~ l . Take standard gener- 
ators yi,y 2 of A(u, bi, 62)- As noted for (i), we can assume after modifying r (without changing r) that 
T~(yi) = 2/1 and r(y 2 ) = y 2 . Let 7 = deg(yi) and 5 = deg(y 2 ) in T E , so 9e(t) = hit(yi)| Eo = a and 
@e(<5) = int(?/2)|Eo = P- Since Y^/Tj = H = (a,p), we have Te/Tj = (7,(5). As r(yi) = 2/1, we can take 
x-y = 2/1, and likewise x 5 = y 2 - Because r(y 2 2/i) = wy 2 yi = q[p^r(q)]~ 1 y2yi, we have T(qy 2 yi) = qy 2 yi] 
thus, we can take x& +1 = qy 2 y\. Then, 

5(^,7) = x^x-yX^n = y 2 yi (qy 2 yi )" 1 n = II. 

Since 5 and 7 generate T^/Tj formula (7.3) shows that im(g) = (g(6, 7 y)} = (q~ 1 Yl) = (q II). Therefore, 
the isomorphism of (7.4) maps ([lo]) to (qH) = (im(g)). Thus, the isomorphism asserted for (ii) follows 
from (i). □ 

Example 7.4. Here is a unitary version of Ex. 3.9. Take any integer n > 2, and let F C K be fields with 
[fT:.F] =2, K Galois over F, and K = F(u) where w is a primitive n 2 -root of unity. Suppose further that 
for the nonidentity element ipo of G&\(K/F) we have ipo(w) = uj" 1 . (For example, we could take K = Q(u), 
the n 2 -cyclotomic extension of Q, and F = KC\M..) Let T = K[x, y, y -1 ], the Laurent polynomial ring, 
with its usual grading by Z x Z; so, T is a graded field. Let R = F[x, y, which is a graded subfield 
of T with [T: R] = 2, T Galois over R, and T inertial over R. Also, Gal(T/R) = {ip, id-y-}, where ip = ^o^idR 
on T = T ®r R. Take any a,b G F* such that [K{ ^/a, \/b) :K] = n 2 , and let M = K(tfa, \/b). Then, it 
is easy to check that M is if /F-generalized dihedral. (One can think of such field extensions M/F as the 
generalized dihedral analogue to Kummer extensions.) Indeed, ipo on K extends to 9 G G&1(M / F) given by 
0( ?fa) = tya, O(yfb) = yfb, and 6\ K = ip ; so, 6 2 = id M , and for h G Gal(M/K), we have 9h9 = hr x . As in 
Ex. 3.9, take the graded symbol algebra E = (ax n , by n , T) u of degree n 2 , with its generators i,j satisfying 

2 2 

i n = ax n , j n = by n , ij = uji. For a±,a 2 as in Ex. 3.9, it was noted there that E = A(MT/T, er, u, d) 
where u\ 2 = u, and d\ = l/(yyb) and d 2 = X\fa. We extend 9 to an element of Gal(MT/R) by setting 
0|r = id. Since 9{d\) = di, 9(d 2 ) = d 2 , and u\ 2 a\a 2 9{ui 2 ) = ww" 1 = 1, the graded version of Lemma 4.1 
shows that there is a graded T/R-involution r on E given by = j" 1 , r(i) = i, and t|j\/e = 9. That 

is, t is the R-linear map E — > E such that T(c/j m ) = ip(c)j m i e for all c G T, £, m G Z. We have the 
decomposition of E noted in Ex. 3.9, 

E ~ 9 I (g>j N where I = (a, b, T) w and N = (x, 6, T) w n <g> T (a, y, T) w n. 

These I and N are T-central graded division algebras with I inertial and N DSR. Furthermore, as 
a,b,x,y G R*, there are unitary graded T/R-involutions t\ on I and tn on N defined analogously to r 
on E. So, by Th. 7.1(h) 

SKi(N,r N ) ^ Br (M/K; F) / Dec [M/K; F) , where M = K(tfa, tyb), 

with Dec (M/K; F) = Br (K(yfd)/K\ F) • Br (K( y/b)/K; F) by (4.3). Since l = (a,b,K) u , Th. 7.3(h) 
yields 

SKi(E,r) = Bv(M/K;F)/[Bec(M/K;F)-({a,b,K) u )). 
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Note that E is semiramified, but it may or may not be DSR. Indeed, by Prop. 4.5(h) E is DSR if and 
only if lo E Dec (M/K;Fy, the formulas above show that this holds if and only if the obvious surjection 
SKi(N,tat) — > SKi(E, t) is an isomorphism. Note also that Dec(M/A; F) may be strictly smaller than 
Dec(M/A) n Br(M/A; F), i.e., there may be an algebra in Br(Af/i^) which decomposes according to M 
and has a A/A-involution, but in any decomposition the factors do not have K/F- involutions. Examples 
of this are given in Remark 8.2 below. 

For an ungraded version of this example, let K, F, a, and b be as above; then let K' = K((x))((y)) and 
F' = F((x))((y)), and D = (ax n ,by n , K') w . Then, with respect to the usual rank 2 Henselian valuations 
vk 1 on A' and vp> on F' , A' is inertial of degree 2 over F' . Furthermore, with respect to the valuation 
vo on D extending vk 1 on K' , D is a semiramified A'-central division algebra with a unitary K' /F'- 
involution T£> defined just as for t on E. For the associated graded ring gr{D) of D determined by vd, we 
have gr(£>) ^ g E, so by [HW 2 , Th. 3.5] SK^D,^) ^ SKi(E,r). 

8. NONINJECTIVITY 

For any T-central graded division algebra B with unitary T/R-involution r, there are well-defined 
canonical homomorphisms 

a: SKi(B,r) SKi(B) given by aS r (B) (->■ r(a)a~ 1 [B*, B*] for a G Sj-(B), (8.1) 

and 

p: SKi(B) -»• SKi(B,r) given by 6[B*,B*] ^ 6S r (B) for 6 G B* with Nrd B (6) = 1. 

It is easy to check that f3 o a and a o f3 are each the squaring map. As pointed out in [Y3, Lemma, p. 185], 
since the exponent of the abelian group SKi(B, r) divides deg(B), if deg(B) is odd, then a must be injective. 
It seems to have been an open question up to now whether a is always injective, even when deg(B) is even. 
We now settle this question by using some of the results above to give examples of B of degree 4 with 
a not injective. We thank J. -P. Tignol for pointing out the relevance of indecomposable division algebras 
of degree 8 and exponent 2, and for calling his paper [Tj] to our attention. 

Let F be a field with char(F) / 2. Let M = F(y/a, Vb,y/c) with a,b,c G F* and [M : F] =8. Let 
K = F(y/a). We write Br 2 (F) for the 2-torsion subgroup of Br (F), and set Br 2 (M/F) = Br(M/F) n Br 2 (i ? ), 
Br 2 (M/K;F) = Bt(M/K; F) n Br 2 (A'), etc. Note that as Gal(M/F) is an elementary abelian 2-group, 
M is a A/F-generalized dihedral extension. Also, resir-^ maps Br 2 (Af/F) to Br(M/A;i ? ), since for 
[A] e Bt 2 (M/F), cot k ^f[A(3 f K] = [A]^ K:F ^ = 1 in Br(F), so by Albert's Theorem A® F K has a unitary 
K/F- involut ion . 

Proposition 8.1. There is an exact sequence: 

— > Bv 2 (M / F) / Dec(M / F) — ► Br(M /A'; F) / Dec(M/A; F) — > Br(M/A)/ Dec(M/A) (8.2) 

Proof. The kernel of the right map in (8.2) is [Br(M/A; A)nDec(M/A')] / Dec(M/A'; F). So, the exactness 
of (8.2) is equivalent to two assertions: 

(a) Br(M /A; F) fl Dec(M/A) = Br 2 (M /A; F). 

and 

(b) Br 2 (M /F) I Dec(M /F) ^ Br 2 (M/A; F)/ Dec(M/A; F) 

The equality (a) is immediate from the fact that Dec(M/A) = Br 2 (M/A), as M is a biquadratic exten- 
sion of A. (This is well-known, and is deducible, e.g., by refining the argument in [KMRT, Prop. 16.2]. 
It also appears in [Ti, Cor. 2.8] as the assertion that property P 2 (2) holds for A.) The isomorphism (b) 
appears in [Ti, Prop. 2. 2] as the isomorphism N 2 {M/F) = M 2 (M / K j F) , see the conmments on p. 14 of 
[Ti]. Since the isomorphism (b) is somewhat buried in the general arguments of [Ti], we give a short and 
direct proof of it: If [A] G Dec(M/A), then A ~ Qi ®p Q 2 (g)_p Q3, where Q\ is the quaternion algebra 
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(3?), Q2 = and Q 3 = for some r,s,t G F*. So, A ® F K ~ (Q 2 ® F K) ® K (Q 3 ® F K). 

Here, Q2 ®f K has the unitary A/F-involution r] <S) ip, where 77 is any involution of the first kind 
on Q 2 and tp is the nonidentity F-automorphism of K. So [Q 2 <S>f A] G Br(K(v^)/i^; F) C Dec(M/A; F); 
likewise [Q 3 ® F if] G Br(A( v / c)/A'; F) C Dec(M/if;F), and hence [A <g> F # ] G Dec(M/X;F). Thus, 
resF^x induces a well-defined map /: Br 2 (M/F)/ Dec (M/F) ->• Br 2 (M/AT;F)/ Dec (M/K;F). From 
Arason's long exact sequence (see, e.g., [KMRT, Cor. 30.12(1)] or (5.2) above) 

...-)• # 2 (F, M2 ) tf 2 (A, M2 ) -> 2 (F, Ata) -> . . . , 

/ is surjective. For injectivity of /, take any [A] 6 Br 2 (M/F) with resp-^fA] G Dec(M/A;F). We need 
to show [A] G Dec(M/F). We have A ®f K ~ Q' 2 ®x Q' 3 where the Q- are quaternion algebras over K 
with Q' 2 G Br(A(v%)/A;F) and Q' 3 G Br(A'( 1 /c)/i^; F). By a result of Albert [KMRT, Prop. 2.22], the 
quaternion algebra Q' 2 with A/F-involution has the form Q' 2 = Q 2 ®fK, where Q 2 is a quaternion algebra 
over F. Then, [Q 2 '] G Br 2 (A"(v / &)/F) = Dec(A(v / 6)/F), as noted for (a) above. Likewise, Q' 3 ^ Q^® F K, 
where [(%'] G Dec(A(^c)/F). Since [A ® F Q 2 ' ® F Q 3 '] G Br(AT/F) = Dec (if /F), we have 

[A] = [A<g> F Q 2 '<g> F Q 3 '] [Q 2 '] [Q 3 '] G Dec(AT/F) • Dec(K(Vb)/F) ■ Dec(A( v / c)/F) C Dec (M/F). 

Thus, / is an isomorphism, proving (b). □ 

Remark 8.2. The term Br 2 (M/F) / Dec(M/F) for M/F triquadratic has arisen in the study of indecompos- 
able algebras A of degree 8 and exponent 2. Note first that for any A of degree 8 and exponent 2, by Rowen's 
theorem [R, Th. 6.2] there is a triquadratic field extension M of the center F of A, such that M is a max- 
imal subfield of A. If A is indecomposable, then [A] yields a nontrivial element of Br 2 (M/F)/ Dec (M/F). 
Examples of indecomposables if degree 8 and exponent 2 were first given in [ART, Th. 5.1]. Subsequently, 
Karpenko showed in [Kar, Cor. 5.4] that if B is a division algebra with center F of degree 8 and exponent 8, 
and F' is a field generically reducing the exponent of B to 2, then B ®p F' is an indecomposable division 
algebra of degree 8 and exponent 2. Also, K. McKinnie in her thesis (unpublished), using lattice methods, 
gave another example of indecomposables of degree 8 and exponent 2. There is a kind of converse to this as 
well: Given a division algebra A with [A] G Br 2 (M/F) \ Dec(M/F), Amitsur, Rowen, and Tignol showed 
in [ART, Th. 3.3] that the associated generic abelian crossed product algebra A' of A is indecomposable of 
degree 8 and exponent 2. (It is not stated this way in [ART], but made explicit in [T 2) § 2].) This A' is the 
ring of quotients of a semiramified graded division algebra E of the type considered in previous sections: 
E is graded Brauer equivalent to I (%>t N, where T is a graded field with To — F, I is an inertial graded 
division algebra over T with Iq = A, and N is DSR over T with No = M. 

Using Prop. 8.1 we now construct biquaterion graded algebras where the map a of (8.1) above is not 
injective. 

Example 8.3. Let M be a triquadratic extension of a field F (char (F) ^ 2) with Br 2 (M/F) / Dec(M/F) / 0. 
(Such F and M exist, as noted in Remark 8.2.) Say M = F( v / a, Vb, y/c) for a,b,c G F*. Let K = F( v / a ), 
and let H = Gal(M/AT). Let R = F[x, y, y" 1 ], the Laurent polynomnial ring in indeterminates x and y, 
with its usual grading in which R(k,e) = Fx k y £ for all (k, I) £ ZxZ. So, R is a graded field with Rq = F and 
r R = ZxZ. Let T = K[x, x~ l ,y, y^ 1 ], a graded field with [T : R] = 2, and let E = Q® T Q', where Q and Q' 
are the following semiramified graded quaternion division algebras over T: Q = (^yO, which is generated 
over T by homogeneous elements i andj with relations i 2 = b, j 2 = x, and ij = —ji, with deg(i) = and 
deg(j) = (|j0). So, Qo = K(\/b) and Fq = x Z. Likewise, set Q' = (SjM) with standard generators 
i! and f, with deg(i') = and deg(j') = (0, ±), so Q = K(y/c) and r Q / = Z x ±Z. Since Q ^ (^) ® R T, 
Q has the graded T/R- involution tq = 7]®tp, where r\ is the canonical symplectic graded involution on (-^), 
for which r\{i) = —i and r](j) = — j, and ip is the nonidentity graded R- automorphism of T. Likewise Q' has 
a graded T/R- involution tq/ with TQ/(i') = —i' and Tq/(J') = —j'- By Lemma 4.3, E is a graded division 
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algebra which is DSR for T/R with E = Qo®t„ Qo = K(Vb )® K K{^ ) = M and = r Q +r Q , = ±Z x ±Z; 
our graded T/R-involution on E is r = tq £3 tq/. (Explicitly, S = T[i,i'] = g M[x, x , y, y~ l ] is a maximal 
graded subfield of E with S inertial over T, and J = T[j,j'] = g T[y/x, ^/x -1 , y/y, y/y _1 ] is a maximal 
graded subfield of E which is totally ramified over T with r(J) = J.) We claim that the following diagram 
is commutative with all horizontal maps isomorphisms and vertical maps described below: 

Bt(M/K; F) I Dee(M/K; F) ► ker(iV)/n ► SKi(E,r) 

(8.3) 

Br(M /K) I Bec(M/K) ► H~ X {H,M*) > SKi(E) 

The left vertical map is the map in Prop. 8.1, whose kernel is there shown to be isomorphic to 
Br2 (M/i 7 ) / ~Dec(M/F). Since we have assumed this kernel is nontrivial, once the claim is established 
the right vertical map a, which is the map of (8.1) must also have nontrivial kernel, as desired. 

We now verify the claim. In the top line of (8.3), ker(iV) = {a G M* \ N M / K (a) G F} and 
II = U heH M* hT , where H = G&l(M/K) andr = r| Eo . The middle vertical map sends a II H- a/r(a) I H (M*) 
It is well defined since if a G ker(JV), we have N K / F (a/r(a)) = N K / F (a)/T(N K / F (a)) = 1, and if b G M* h ~, 
then b/r(b) = /ir(6)/r(6) G Ih(M*). In the right rectangle of (8.3), the top map sends all >->• a£ T (E), and 
the bottom map sends bIu(M*) i— >■ b [E*, E*], so the right rectangle is clearly commutative. The horizontal 
maps in this rectangle are the isomorphisms given in Th. 7. 1 (i) and Prop. 3.2(i). For the left vertical map 
take an arbitrary element of Br (M/i-T; F), which has the form [A], where A = A(u, b\, 62) in the notation 
of §6, with u, b\, 62 satisfying the relations in (3.1) and (3.2) and the added relations in Lemma 4.1(iii), 
notably uapr{u) = 1. The horizontal map in the left rectangle is the isomorphism of Th. 6.1 which sends 
[A] mod T)ec(M/K; F) to qll for any q G M* with q/crpf(q) = u. This is mapped downward to uIh(M*), 
since q/r(q) = uapT(q)/T(q) = u (mod Ih(M*)). On the other hand, [A] mod Dec(M/K;F) is mapped 
downward to [A] mod Dec(M/K), which is mapped to the right to uIh(M*) by the isomorphism of (3.9). 
Thus, the left rectangle of (8.3) is commutative, and its horizontal maps are isomorphisms, completing the 
proof of the claim. 

Remark 8.4. For the preceding example with the a of (8.1) noninjective, we have worked with graded 
division algebras. There are corresponding examples of division algebras over a Henselian valued field 
with the corresponding a not injective, obtainable as follows: With fields F C K C M as in Ex. 8.3, let 
F' = F((x))((y)), K' = K((x))((y)), and M' = M((x))((y)), which are twice iterated Laurent power series 
fields each with it standard Henselian valuation with value group ZxZ (with right-to-left lexicographic 
ordering) and residue fields T 7 = F,7C = K, and W = M. Let D = (^) ® K , (3$), which is a division 
algebra over K' , and the Henselian valuation vk' on K' extends uniquely to a valuation vd on D, for which 
D = M and Tjy = x ^Z. For the associated graded ring of D determined by vd, we have gr(D) = g E 
and, as D is tame over K', Z(gr(Z))) = gr(K') = g T, for the E and T of Ex. 8.3. Also, gr(F') = g R for the R 
of Ex. 8.3. This D has a unitary ET'/F'-involution td, since each constituent quaternion algebra has such an 
involution. Because the Henselian valuation v F > on F' has a unique extension to K', namely vjcr, and vd is 
the unique extension of vk> to D, we must have vd°td = vd- Therefore, td induces a graded involution r 
on E, which is a unitary T/R-involution. By [HW 2 , Th. 3.5] and [HWi, Th. 4.8], SKi(L>,r D ) ^ SKi(E,r) 
and SKi(D) = SKi(E). These isomorphisms are compatible with the map SKi(E, r) — > SKi(E) and 
the corresponding map ar> : SKi(D, td) — > SKi(D). Also, because r and the r of Ex. 8.3 are each graded 
T/R-involutions on E, we have SKi(E, r) = SKi(E, r), and it is easy to check that under this isomorphism 
corresponds to the a of Ex. 8.3. Since this a is not injective, ar> is also noninjective. 
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